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generated) if one of them be ſuppoſed to be 1 
Uniform and Equable, the other muſt neceſſa- 5 1 5 2 I 
rily be an accelerated one (but accelerated . 


cording to ſuch or ſuch Conditions, as the par- 15 1 oY 
ticular Natuf e of the Curve requires.) If the . 4 "3 
Motion in AB, ext Sr: be uniform, that in 2 1 9 4 
BK muſt be accelerated; for were both * = 


compounding” (rectilineal) Motions a.” EN 3 
the Path deſcrib'd by the Point 4 would be — 
a right Line, as appears by what has been al. 

ready demonfirated. From whence tis certain 9 5 8 5 
that the compound Motion it ſelf (with ng 


which the deſcribing Point is carried) is not - 

an equable, but ſome accelerated Motion alſo. | 
Conſequently the Velocity is variable for every © 
: conceivable Point of the Curve. Tis not hes 
ſame * 


"thr in 40 bt Point or - Inflant 70 tis in 
"2 but changes without Intermiſſion, and is 
in continual-Fluxe. If pM and MN expreſs 

le of the Curve Line (which if genera- 
ted in equal Particles of time are unequal :) I 
| Gy, there are infinite Variations of of Veloci- 
ty to be conceived between the Points p and M, 
as likewiſe between the Points M and N. and 
ſo of all the reſt. Even as there are infinite 
| V ariations of Velocity to be conceiv'd between 
the Points, v, M and x, V; while thoſe Incre- 


ments v M and xN (of the Ordinates pm and 
MI) are generated by the accelerate Motion 
from B towards X. And this muſt needs be 
| fo; for as that Motion from B towards K, 
| z (as all Motions in the Generation of Mathe- 
matical Quantities muſt be conſider d to be) 


continued on without any the leaſt intercepted 


1 5 Stops or Pauſes; ſo being an accelerated one 
=: the Acceleration maſt be without the leaſt ima- 


Za ginable | Intermiſſions too. And for the Accele- 


iiation to be without Intermiſſion; is to under- 


po Infinite and Indeterminate Variations. 


=  *?Twould be a contradiction therefore to form 
tie Notion of ſuch a thing as a Velocity, any 


A vbere conſtant, aud ſtandimg at a flay; nay, not 


to conceive it perpetually changing thro the 
| whole ene Fluxe of Time. G a 
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10 > affit the | Rendats «Longines | in 9 = 
| matter as much as may be, let us take two ſmall = ” = 
| Quanties as 4 and B, which we will ſuppoſe . 
to be the Increments of two ſeveral flowing 
W Quantities; the one deſcribed by an accele- _ " M 
W rate, the other. by an equable Motion. Let 
W theſe two Increments A, B, be both deſcrib'd in „ 
che ſame part of time 7; that is, taking s,, K 
and 5, each very ſmall parts of 4 an RB (nd 
conceiv'd both to be generated 1 in the ſame Par- I 
ticle of time t) when the time t by flowing ies 
become T, a and h are alſo become 4 and B_ 1 
reſpectively- Likewiſe expeſſing any Velocities 
by the Symbols, v, x, y, x, &c : then the Gen-: 
ration of theſe Increments, the one by the ac. 
| celerate, the other by the uniform Motion, may 5 

be repreſented to the Eye after 0 manner, 


hs | 

= F 1 8 a. 24. 3a. 4a. Kc. 1 
W flowing fine. . t. 3t. 4k. Sc. F. 
Conſtant Velocity. U. U. U. U. &c. WW. 

. Flowing Space. Ta e d. 6 k e. B. 4 
Flowing Time. t. 2t. zt. 4t. 5t. &c. T. 5 
. . IJ. v 7. 2 Kc. 2. 55 


ve — to the Times, and the Velocity e- 5 9 
ver 


ry 


1 * 7” 68 ver d 2 8 e clin 
— * N 7 Ya, 22. t. 2t. &c. and the latter by U. which 
| » every where the ſame Sy mbol. In the other 
Eee, the little Spaces are not proportionate to 

1 T; mes t. 2t. &c. and are therefore expreſs d 

Ike d c: and the Velocities alſo ever va- 

"Tying, and therefore repreſented by a Series of 

different Symbols, u, x, y, &: Tho' in the 

Caſes of both Motions, the reſult of the Flure, 

is the Geneaation of the Increments 4 and B. 

in the fame little part of Time T. What I 

N faid before of the continual variation of 

Celerities, is, I hope, ſufficient to convince the 

Reader 8 Judgment, ; add. oy” -onl * to n 
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"ww to bring this Matter to has main "REM 
1 28 Prirpoſe : Suppoſe any flowing Quantities, 
* 85 - 5 5 as the Line, pm, Mr, as alſo their Increments 
EW Mv and Nx reſpectively; 5 which Inerements 
imagine to be generated in equal very ſmall 
- Particles of Time. I conceive we may. ſay 
. without Seruple, that the Fluxions are the Je. 
 boeities of | thoſe Increments , conſider d not a 
* nel generated, Unt een Naſcentia, as ari- 
+ in: and beginning to be generated. As there is 4 
" vaſt difference between the Increments conſi- 


der d as Finite, or really and actually genera- 
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4 L | ments) Fluxions, and the Generated Quantities, 
_ Fluents, he came at laft to the Method which be 


In wi 1 > cond Faered © nl y 6 45 ni 4 0 
r 15 the firſt Moment of their Generation: „ 
os there is as great a difference alſobetween tùhne _ 
WV clocities of the Increments, conſider d in this _ © 1 
two fold reſpect. And theſe Diſtinctions 1ͤ n 
chink ought to be looked upon, as ſo very Fun. 
adamental, and of fo much conſequence in 
W this Affair; that without them we can have but 
W very imperfect, if not down-right falſe and 5 T. "I 
WT wrong Notions, of the Sabject we are upon. — 
54 hl the Notion of a Fluxion is to be fixed in 
= 7 locity, we may learn from the Words of I 

. the Noble Inventor of this Method. He tells 70 4 3 
us (in his Introduction to the Tract of Qua- 2 1 
* dratures) that he ſought a Aſethod of determi- — 
_ EF: Quantities from the Velocities of the Motions, © 3 
or hicrements by which they are generated; and — HY 1 
_ calling thoſe Velocities (of the Motibns or Rer.. 


. q 


991 there uſes i in the Quadrature of Curves. And 2 85 
again, in another place (pag. 176) he ſpeaks 
to this purpoſe ; Their Fluxions, or Celerities of 
_ creaſing, I expreſs by the ſame Letters prick'd,&c.. 
It appears, therefore, to be paſt all diſpute, that 
che Notion of ae is to be determined to 
Velocity. But then whereas, we ſay, that the 
Fluxions are the Velocities of the Increments 
_ conceiv'd not as actually Generated, but as 
=_ e as ariſpg, or ina tendency to a „ 
2 1 | : = x! 


* 


* ws MM 
e: The a of hat: is this. Be- 
_- eauſe there is (ſpe 
8 Iy) an Infinity of Velocities to be conſider'd, 


in the Generation and Production of a Real 
Increment ; as we have ſhewn in the Diſcourſe 


before. 80 that if we conceiv'd the Fluxion, 
to be the Velocity of the Increment, a 28121 
h Generated; we muſt cqnceive it to be an In- 


Aking ſtrictly and accurate. 


finite Vavicty or Series of Velocities; which 


would be to have no clear, diſtinct, or deter- 


minate Notion of it. Whereas.the Velocity, 
with which any ſort of Increment ariſes, or be- 


1 — ginsto be generated; is a thing that one may form 
à very clear and diſtin& Idea of, and leaves 


the Mind in no Ambiguity or Confuſion at all, 


as the other does. And to ſay no more; the 
Great Author tells us, that Flurions are accu- 
rately and exactly in the firſt Ratio of the 
* conſider d as Naſcentia; - of which 
| ſee further in the 2d Corollary following) and 


upon this account alone, I think, we may 


without Heſitation infer, that the Fluxions are 
therefore the Velocities, not of the Increments | 
= ee a as aQual ly 8 but as . 


+ 


From "THe has been ſaid Re the Na- 
| ture of Flurions, we _ . the following 
: Concluſions. n 9 8 


= 0 1 That 


— 5— 
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=, . n 
R 
2 * BAY . 
* 8 


"Lf ; 5 . 


ities „is As 13 2 as finding the Notre 284 = x 


Which the ſaid flowing Quantities are generated 5 
ud deſcrib d. And fo for the Reverſe of this, 


4 ling Quantities, is the fame thing : as to proceed - 


ocities given to determine the Quantities 9 8 0 
WT ſolves generated and produced thereby. 
2. That Fluxions, are accurately and exad- 
ip in the firſt Ratio of the Incretnentss, con- 
der d as ariſing, or in the firſt Moment of 

WE their Generation. For they are the Velocities 
14 with which thoſe Increments do ſo ariſe. Now, 
9 as in the Caſe of Finite Quantities, we de- 
monſtrate, That any Spaces deſcrib'd in the 
ame or equal Times, are proportional to the 


80 conceiving any Quantities, at the firſt Mo- 


= rations of Inequality of Time and Accelera- 
don of Motion, are totally and abſolutely - 
1 1 cluded; they muſt neceſſarily in io Naſcenti 
W | /atu, be proportional to the Velocities, with 
= which they do ariſe. E 
3. Fluxions are nearly (and but nearh) as the | 
Increments of the flowing Quantities, ': "5M 
0 in very nn equal Particles of Time 8 
N | "0 
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b ation of the Velocities of thoſe Motions, vw 


that from- Fluxions propos d, to find the Flow- 3 | 5 ; 
g from the Relation or Law of the Generating Ve- 3 1 


vniform Velocities by which they are deſcrib et. 
ment of their Generation, where all Conſide - 
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_— 5 They 2 he nd i Tac 
FED I ments. For they are accurately as the Naſ- 
< ".centia TIrcrementa 43 


and the Increments conſt. 
er as "Naſcentia, are not accurately Y, a the 
— Tncrements conſider d as generated (in determi. 
minate Particles of Ti me.) The Hicrementa 
eie are accurately as the Velocities, with 
which they ariſe and begin to be generated; but 
the c analy generated in determinate 


"Particles of Time, are not accurately as the 


8 aaS with which they ariſe and begin to be 
3 This can't poſſibly be, unleſs the 
Velocities (with which thoſe Increments are 
generated ) were perpetually conſtant, or every 


here the ſame. Then indeed the little Spaces 


deſcrib d in a given Particle of Time, would 


be exactly -as thoſe conſtant Velocities, from 


- the Principles of Mechanicks. But where 


po 15 there is a . Acceleration or Mutation 
ol Velocity, *twould be a wrong Concluſion to 
inker, that the little Spaces defcrib'd in any | 
equal Particles of Time were exactly as an y of 
8 thoſe mutable Velocities; or that they were 
8 exactly as the Velocities w th which they began 
We cannot ſay, therefore, 


to be egribd. 
that the Fluxions are accurately as the Incre- 
ments of the flowing Quantities, generated in 
very ſmall, equal Particles of Time. How- 
_.ever, if we take thoſe Particles of time exceed- 
58 ſmall I indeed, and * the Accelera- 
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tion 
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Bay the Fluzions are proportional to thoſe Inet. 
ments; remembriſig at the ſame n ty 


repreſented as the ſmall Increments or Decres 


ſtake upon 4 two-fold account; for Fluxions 


pretend to repreſent them by the Inere ments of 
the Flowing Quantities, it ought to be with ths 
Limitations and Cautions before: mentioned. 


the Dißferential Calculus. That theſe two Me“ 


in all their Operations as to the Point-of Pra- 


Method, as it goes under the firſt Name, viz, 
that of the Method of Fluxiois, propoſes to de- 


Ga Quantities, from the Celerities of the 
GC -_ ö¶ - Maniond 
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are but nearly, and not acclirately . 
From hence then it appears, that the Notis. 
on of Fluxions is miſtaken, when we find them 


ments of the Flowing Quantities: Ti is a mi- 


in their own Nature, are neither of nor belonging 
to Increments; nor are they accurately ſpeaking) 
proportional to Increments: And whenever we 


4. The Fundamental Principles which Ps | 
Method-of Flixions is built upon, and proceeds 
(in all its Operations) from; ; appear to be more 
accurate, clear and convincing; than thoſe f 


* 


thods, (or rather, this one and the ſanie General Mes -” 
thod adori'd with two ſeveral Naities) agree perfect- 


ctice, is moſt certain ; but it ſeeins to be no 
leſs certain and true; that there is a very greaf 
difference between them, as to the fliceneſs and 
accuracy of their firſt Principles For this 


5 
Ry” 
WL 
_ ry 
* 
* 4 
a 
os 
% 4 
"= 
2 ** 
+ 
0 
> 
— 
= 
* 
* « 
4. 
4 ; 0 
£2538 
KY 
o 3 
7 
+ 
— 
= 
* 
—— 4 


FS» t 
R : © 
* f - 
, £ 
A OS 
= 4 
N , L 
2 2 0 
3% 5 


* 
> - 


Feretial Calculus, ſome Terms are rejected and 


: -nothing Comparative, or with reſpect to other 


tho# Celerities too. are e the Celerities of thi In- 
crementa, conſi dered as in the firſt Moment of 
their Generation. In the other Notion; the 
Incrementa themſelves. are conſider d purel 7 
without any reſpect to Velocity, but only ima. 
gindd to be infinitely little, or leſs than any 
alfignable Quantities. But then; 3 theſe Incre- 
ments, though they are infinitely ſinall, are 
In infinitely diviſible. ſtill. Now. as *twas 
ſhown before, there is an Infinity of Mutable 
Velocities, to be conceiv'd in the Generati on 
and Production of an Increment, be it as ſinal 
as it will; and of all that Serien of Velocities 
*ris the Velocit Y, that the Increment ariſes with 
Cor which it has in fatu naſcenti) that the Me- 
thod of Fluxions conſiders. And therefore 
= ſpeaking. of exactneſs in the moſt ſtrict and 
- Figorous Sence) it appears to be a much higher 
degree of exactneſs; to conſider that Celecity 
of the n Naſcens, beyond which 
_ bounds no Imagination can reach; than to 
conſider the real Ircrementum it felf; ; which, 
tho Infinitely t ſmall, yet makes it necellary 

to conceive of an infinite Variety of Velocitia 
dn the production of it. Again; if in the Dif. 


"thrown out of an Equation, becauſe they arc 
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Terms in the ſame Equation; ; that i is, becauſe 
they 
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We; RN > 
ey a are ate 7 mal in ee oe. 
biker Terms, and ſo may neglected u n, __ , = 
I Wir Score : : "On the other. Hand, inn | the Meth od 

of Flurions, thoſe ſame Terms go out, of the, T5 
Equation, Becauſe they . are multiplied. into „„ 
1 Quantity, Which (upo na mot undoubted Prin 1 
Wl ciple) does at laſt really vaniſh, - or become 0 
Wl <qual to nothing, and ſo by conſequerice, al 6 
S choſe fore- mentioned Teruis into which it is 1 
mültiplied, do alſo vaniſh and become equal to „ 
nothing: Of which Proceſs the Reader will ſnd 
Examples enough in the latter part of this, and the 

| whole following Section. Now, I ſay, the Equa: | E 
| tion ſeems to be clear d of theſe Ferms, alter „ 
a much cleaner and more ſatisfactory way, by” „ 
working according to this latter Proceſs, than 3 
by the former: For it ſeems hardly oeoali- ä 
ſent with Geolhetrical exaneſs, to 8 Quane. r 
ticies out of an Equation, uponthẽ Score of their I 
| being infinitely ſaall or comparatively 1 nothing; 
as tis to reject them'becauſe they really vaniſh,” 855 
and become equal to nothing in that Senſe. 

| MN. B. Speaking here of Infinitely Poet 

| Quantities, or Infiniteſimals as ſome Authors 
(and particularly Mr. Neiwentiit) chuſe to tem 
them, I cannot bũt take notice of à notion whick 
that Excellent and Ingenious Perſon advances 
in his Aralyfs Finite um. It is this; That a 3 
Quantity Infinitely. Great, a Finite or am gien 
Varig, an Infimtefum l, and Nihilum Grome- | 
„ 0 iu, 5; 


& id —_ 


m 1 purely upon that ac- 
t I gay ſome Scruples, ſome rea. 
which I cannot get over, a 
1 ſee (at preſent) are Juſt. 
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it ſeems to me, that by t 


prove any Quantity to be 
> any Quantity; or any finite 
ty, ever ſo (mall, equal to any other 
ho' ever: lo big. „ 
dd ee dg Rel ot 
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4 780 Thenfore f- 3 
i fo will any other finite Quantity whatſo, 


ov'd equal to Unity. 


re taken the Liberty to ſay theſe few 

gs, not with any deſign to reflect upon a 

Perſon wh L | 

Mathematicks, as MI. Newentiit 1 ; but to 

prevent the Mathematical Readers lake; into 

whoſe Hand, this Author's Excellent Book 
— C 3 
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may e to o Taff dune time or ber and 
os finding g 3 great many noble Truths, he 
may with lefs difficolty ſwallow a Miſtake. 
In my. Opinion, Mr. Neiwentiit would have 


3 9 more juſtly, if he had ſaid, that A 
3 infinitely Great, „is to a given 


= _ & "Enits Quantity, as an Infiniteſimal, to 
an Infiniteſimal of another Order or Degree 
vdr co an Infiniteſionl infinitely Leſs than the 
_—_ former Infiniteſimal. *Tis true, this Concluſi- 
on wou'd not very well have agreed with an- 
1 ther Notion of his, thit there are no Diffe- 
rentials of Differentials that is, in his qun 
= Stile, no Infiniteſimals of Infiniteſimals;4 os 
in our Language,. no Fluxions of Fluxions. 
Ww. hawever, . it would have: been more a: 
1 greable to the Truth. For Quantity being 
infinitely Diviſible, I think tis moſt Eviden'y 
mat not the Nihilum Gepmetricum, but an mf 
1 nitely ſmaller Infinite ſimal, muſt be the fourth 
Proportional to the three above-mentioned: 72 
1 oy Ps follows, that i in order to find the Ree 
= lation, between the Fluxions of any F lowing 
_ +» Quantities propos'd, we muſt take the Incre- 
mwWents (of thoſe F lowing Quantities ) genera- 
Bi ted in the ſame Particle of Time; and then the 
1 fo 11 Ratio af thoſe Increments 00 der d as 
Naſcentia, or their ultimate Ratio, confi der'd as 
 Fomeſcentia, will give the Relation of the 


—_— _. Flugions, defi red. This is 00 NF and natural 
8 i; ments 
b 


a 2 Conſequenee from the firlt Ci rol Sfegoing, "= 
that I need fay no more of 1 it, upon * Score, '' 
N B. Tis perfectly the ſame Thing in ef- 
fect; whether we conſider the Rationes Þ ima 
of the icrementa Naſcentia, ' or the Ratibnes 1 
Ukine, or of the hicrementa Evaneſcentia 3 or (fo 
accommodate the Expreſſion to the more -oulgar fort 
of Readers) whether we take the firff” Ratio's EL 
of the Increments, conſi der'd as ariſag, or thejr "8 5 
laft or ultim ite Ratio's, when they are conft der. 
ed as vaniſhing. This, 'Tfay, is all one; tio? 
perhaps ſometimes we may proceed to reason 
from the Rationes Ultime, and conſider the In- 
| crements as E into. and at other times 1 
from the Rationes Prime, conſidering the n- 1 x Y 
crements, as Naſcentia. Which I here take no. 
tice of expreſl y, that the Reader may not be WI 
ſtumbled afterwards. | © 1 

7. It is manifeſt that the Progrifiin 5 in Fu. 1 

ons, is without End or Bowids: Thak is, that 20 
there are Fluxions of Fluxions, and Fluxionss 
of Fluxious, of Fluxions ; and ſo on to Infinity. 

The Reaſon of which is moſt evident, from 
what has been hitherto ſaid, of the Generation 1 
of Curvilineal Fi igures. For we ſee thence 


that there muſt needs be a Contimal Acceleration, 1 1 


or perpetual Mutation of Velocity, all over 5 1 
the Figure, we conceive thus generated and Þ 
deſcrib'd. So that the Incrementa do ever 


where ariſe. or begin to be 1 with va- 
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ities of the owl 
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the fame. 


thoſe ? 2 — eee ly be 
Mutations of s of Velocity, and con 


Mutations ad Hyinitum; Ne. 
it e N Whatever. there 


2 . — 2 in — nature o 
and muſt be admitted by thoſe tha 
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e have fi 
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ions (as: 
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"onal to, or in 
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Augments, generated in 2 . giv 


ti je 3 but yet there are right Lines of a its 
th may be ſhewn to be 


y conſequently. be expounded 
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AT 


nually cuts another right Line as AB, whoſe _ 
Poſition i is given ; and it be required to end 


8 
7 


ng round upon the Point P as a Center conti- - 


* 
” 
= 
— 
* 
o 
- 
* 
* 


1 i 
the proportio ion of the Eluxions of theſe right 
1 and- PB. Suppoſe the Line PB to 
"move out of the firſt Place PB, and to come 
into a new Place Pb. In Ph let us take 
PC=PB, and joining the Points BC, let the 
Line PD be drawn fo as to make the Angle 
dPP= the Angle bBC;" then will the Tri- 
angles b BC, bPD be N Now b is the 
Increment of the Line PB, as Bb is that of 
| the Line AB; and both theſe Increments are 
 :evidently geherated in the ſame: Particle of 
Time. For while the Line PB; by Flowing is 
augmented inte Pb, the Lins AB is alſo aug- 
3 into Ab. From the fimilar Triangles, 
is Bb: Cb:: Pb: Db; that is, (ſince 
pb PC A Cb, and Db = DB + Bb) Bb: 
Cb:: PC+Cb: DB+Bb; this is the pro- 
rtion of the finite Augments. Now to obtain 
the laſt Ratio of theſe Augments (conſider'd 
2s vaniſhing, or, which is all one, the firſt Ra- 
tio of them conſider d as ariſmg) we muft ima- 
gine the Line Pb to rerurn back into its ſor- 
mer place PB, by which means the Augments 
BÞ, and Cb will vaniſh and become 222725 to 


8 nothing. Then if in finite e be 


| PC 5 b P 555 
DB B+ 5 as the ultimate Ratio C5 


=p aaa PB = 50 Bot the Fluxions 


wo 


Oe OJ are 


2 ſhall = — DB 


| are in the laſt Ratio 
1 ments, and e the 


1 2 PB to DB. Q E ie er 8, 
point P as a Center, interſect the two ri IO 
Lines AB and AE (given in poſition) in the 
Points E and B. Tis required to find the pro- 
portion of the Fluxions of thoſe Lines 2 
and AE. Suppoſe as baer the Line PB t / 

R I 


Pb, which cuts the Lines AB md AE, in th TT 
Points 5 and e. Draw BC parallel 38 © 1 
interſecting Pbin the Point C. Then are the 
Triangles BbC, Abe ſimilar; as alſo the 2 
Triangles PBC, PEe. Tis plain that Bband Þ 
Ee, are the Augments of the Lines AR ang 
AE, generated in the ſame time. Now from the -\ © 


»—##+ + 


ſimilar Triangles 1 BbC, Abe, tis Bb: B. 


* 0 


5 \ N | : TE 


* 


= - AE + Ee. 80 that therefore the Ratio of the 


Bb. AB*PB-Bb « PB 
finite Augments, + B=\E-PE- Ec. PE 


- 


4 for becauſe 1 Ee: ? e E g therefore 
8 Ee= AT- pp which 
— which is equal to the forementioned Expref: 
; 7 5 — Therefore the laff Ratio Bb." _ AB«PB 
_ Ee, AE»PE 
| < r no the Augments Bb and Ee are ſuppos d 
tt vaniſh, and conſequently the Terms drawn 
_ into them, vaniſh alſo. Therefore the e! 
tin of the Fluxions, is the fame with that of 


he 


* 


2 8 145 3. or the Fluxion of AB, to 5 


8 , as AB*PB: AE PE. 
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| Joining the reſult of che Concluſio o.. 
EF found in this and the former Example; it will 
1 appear, chat n FD ſo 2s that the Angle 
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e . AB) F. PB:: PB: DR. "And 
| here tis ſhown: that F. AB: F. AE:: ABR « PB: "= 
M PE. ren whenca the Conſhquoncy'i is 2 


Roos . . | 
5 Again, Jets imagine 6 FIG nv.) the 


pI 


$7 1 F } 4 


'z ® 3 


Line BO, as alſo the Lines A0 and AB mak- 
ing any Angle as BAO, provided the Lines 8 
A0 and BO be not parallel to each other, but : 
interſect ſomewhere as in the Point O. Nom 
- ſuppoſing PB to revolve about the Point P/tise- | oY 
vident that the Line BO moves jointly with  ' Þ 
it, and when PB cuts AB in ſome new Point 1 
a8 5; BO alſo cuts AE in ſome new Point a8 4% i 
'Tis required to find the Ratio of the Fluxians 
of the Lines AB and AO, in thiscanjun& Mo- \ . "5 
tion of the Lines PB and BO. When PB f s 
come into the new 2 Pb. BO is advanced? in- oY 
to SALE; 


Lis PB nhking any Angle FRO with the, al 
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dba un A they i . arid dw OM parallel 
_ ctements' of the Lines AB and AO, generated 


Aab, Oa Ma, are ſimilar; as alſo the Triangles 
= \ NBb, NOM. Therefore OM: Oa:; Ab: 
Aa, and NB: NO:: Bb: OM. Therefore 


£ 0 RY Bb:: 


AO NB 
Bb NO 


Fluxion of AB, as the Rectangle NO; A0, to 


Op Inſtances of this nature might be propoſed, 
Which the i ingenious Reader may find out him- 


how all thoſe Fundamental Theorems 5 9 


are to be derived and demonſtrated from this 
8 firſt Principle we have been appiying already. 
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ewe - 
bly OE 
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30 8 
» 
"go, 


to AB. Tis plain chat Bb and Oa are the In. 


in the fame Particle of time. The Triang leg 


ON * j Aa NB 
= | hs * NO 55 Ab N 


8⁰ that the Ratio of the finite 


Oa. NO*AO-+NO=*Oa. 
2 b is = NR ABT NB*Bb 
Oa _NOxAO 
Therefore 1 Ratio 22 Bb NF AB or, 
which is all one, the Flur: on of AQ is to the 


Augments, viz, 


the Rectangle NB*AB. Q: E. I. Several other 


ſelf, for his own Exerciſe and Pleaſure, _ 
But twill be requiſite to give ſome Examples 
of this matter in Curvilineal Figures, and ſhew 


to the proportion and Expreſſion of Fluxions, 


IND 


* 
. « - 


ART. 


r Yar $0 C00 000000 wn * 


1 AK T. . 
= xt ke « (#1 IT w any Cur, e 


7 Abbeilſe is AB, tdente CB at Right Anu 


| [ and TCV a Tangent at C. Tis required to 
f nd the relation of the Fluxion of the ordinate _ 


co the Fluxion of the Abſciſſe. Let the ordi- 
mate BC (ſuppoſed to move uniformly) come 
into the new place be; and drawing CE paral- 
lel to AB; tis plain, that the little Lines CE 
and c E, are the Increments of the Abſciſſe and 


T7 Ordinate, 4 generated in the ſame Particle of 


time: For while AB flows into Ab, CB 


flows into cb. Draw the right Line <Cſubtend- , 


ing the Curvilineal Arch Ce,which Line C pro- 
duce till it cuts AB (produced) in the Point V. 


The rectilineal Triangles c CE, c Yb are ſimi- 1 


lar; therefore CE: CE: he cb, that i is; 
CE: cE:: IBA Bb: (or IB + CE, for 


CE = Bb) CBA CE; therefore. in finite e . 


Terms, the Ratio af the Augments, viz. 
CE: -XB + OFF 
ba TG: Ft _ Suppoſe now = ordinate 


cb 


of 
cE+CB; fo that in finite Terms, F< 


>CY be coincident with the Tangent TCY; 
andfoY B will be coincident with VB (and the 
rectilineal Triangle cCE in its Lift evaneſcent 
ee will be ſimilar to the Triangle CVB.) 
Therefore the ultimate Ratio E. will => ; 


that is, the Fluzion of the Ordi inate; will be tothe 


Fluxion of the Abſciſfe, as the C Ordinate CB, 
| - te the ſubtangent VB. Q: E: I. . 
21. Let it he propos d to find the. proportion 0 
| < = Fluxion of the /Curve Line AC, to the 
Fluxion of the Ordinate BC. The Augments. 
ol theſe flowing Quantities generated inthe fame 
time, are the little curvileneal Arch Ce, and 
the little right Line Ec. Now arguing with 
the right Line Cœ (the Subtenſe of that little 
Portion of the Curve Cc) from the ſimilarity 
of the fore-mentioned Triangles, we have Cc: 
e oY: ob, or Ce. En cC+ ELL 


CY 


Cy 


cc CY - | ; 
3 Fa But when the Points c and Fo : 


| come together, then the Secant CY will coincide | 
with the Tangent CV; and the evaneſcent 
5 Triangle CE c, will in its laſt form be ſimilar 
== to o the Py + CVB;; and the ſides of 


the 


et bark into its faſt place ch. 0 
Tak 0 which 18 All one) imagine the Points c and C 
do come together; then will the right Line 


Subtenſe Ce 


e Ratio N Sp 25 me TE . : 7 9 
855 7. But the ultimate Ratio of the Subtenſe ce 12 55 


wo 


fore ulti mate Ra eee 


Fluxion of the Ordinate, as the Tangent EV; 


to the ordinate CB. Q: E: I. By the very 


ſune way of reaſoning it will be found too, 


that the Fluxion of the Curve Line, is to the 8 


Fluxion of the Abſcifſe, as the Tangent to the 
Subtangent. | 


3. Let it be propos d to find the Propaltſoit 
of the Fluxion of the Curvilineal Area ABC; - 
to the Fluxion of the Re&angle ABGD. The 
Augments here generated in the ſame Particle a 
of time, are the little Curvilinear ee e 


BCcb, and the little Parallelogram BDbdy and 


for Brevities fake; well call theſe Augmenis : 


| 4 and a, reſpeQively. 


— 


Let us expreſs the Clrvitidear Space, inclu⸗ 


ded between the Curve Cc, and the Line CE, 


by the $ >ymbol g. Then is the Curvilineal Ne > 
pexium Bc b= BC*Bb+9g ; that i is, equal to 


the Rectangle BCE b the Curve Space inclu- 


ded Firs the Arch Cc and the Right Line 


CE. So that 4: a: : BC*Bb+9: BD * Bb, in 
by 6-0 | finite 


vi bY bebe df to ; the 1055 of it ie other. 


jp Ce © by 2 | 
ko right Line pom oe CB. "ny 2 
that 7 i, the Fluzion of the Curve, is to the „ 


"fue Teton 2 is 4b + 1225 4's B 


5 e 5 thi B3 goes out, dia vaniſhes inf 
6” n and conſequently the Fluxion ag 


ABG, as _ ordinate BC to the ordinate 125 


Rotation of the Cucvilineal Area ABC about 


= about the ſame Axe. 


TS, - generated in the ſame Particle of Time, ar: 
tze Solids generated by the Rotation of the 


Rectangle BDI d. Now the Solid generated 
by the Area BC cb i is to be conceived conſi ſting 
of two others, even as the generating plain Fi 
; gure conſiſts of two parts, the Rectangle BCEb 
and the Curvilineal Triangle Ce E. So the 
uhole Solid produced by the Rotation conſiſt 


/ which is a Cylinder whole Baſe is BC, the Alti 
tude CE or BB; and the Solid generated by the 


when 2 Points C and c come ele. then th 


the Area ABC, is to the Fluxion of the Are ; 


Q: E: iT, ; 
4. Let it be viral to fnd the proportion 
bf 85 Fluxion of the Solid generated by the 


nn BS fad K po he 


>. 


— 


the Axe AB, to the Fluxion of the Solid gene 
rated by the Rotation of the Rectangle ABGD 


The Augments of theſe dowing Quantitis 


little Curvilinear Area BCc b, and the littl 


„ aan, 2 


of the Solid generated by the Rectangle BCE. 


_ Curvilineal Triangle C CEc, | which? is a ſort of a 
| | : Rin 


O_o 


+; 


255 or pr n . "Uſing "he $ 82 J Þ} 3." 
before; let q now Uo the Title ſolid g Fe: 1 1 
rated by the Rotatiqn o of the Curvilineal 1 4 
Cc about the Axe AB. Then hall 4 _ 4 1 
be expreſſed by BCd = BG A. 4, and BDq+ - - 
Bb; for the Circles deſcrib'd. by BC and BD = 
are as the Squares of thoſe Lines reſpectively, =_ 
and fo BC d= Bb. is to the. Cylinder deſerib'd. -. © 
by the Rectang le DCE b, a 48 s BDq = Bb, to to the 
Cylinder deleribd by the Rectarigle Bed. Since . "= 
| therefore 4: 45 B03 *Bb Th: BD Bb. i n fic 1 


| nite Terms; that is, 2s c + Bt B 5 8 


. 


Y mall Ae e Lib * Ps when as | 


Points C and c: 4 8 40 the little Solid « 9 de- 
ſcrib'd by the Curvilineal Triangle CcE, va⸗ 1 
niſhes Therefore the Fluxion of the Solid de. + i 
ſerib d by ABC, is to the Fluxion of the Sou 121 
deſcrib'd by ABGD: as the $t quare of. BC, ts, _— 
the Squate of BD. Q: E: Ts ee, 
F. Laſtly, Let it be ed t to fitid the ;_— 
portion of the Fluxion of the Curve Surface ge- +. 
nerated by the Rotation of the Curve Line a,. 
to the Fluxion of the Cylindrick Surface de- 42 
{crib'd by the riglit Line GD, revolving about 

the ſame Axis with the former, viz. AB. Now 

| believe it may be an eaſie and natural way of 
explaining this, to redute it from à Curve F. = 
face, toa Curvilineal 4rea 3 for ſince we have 


rp . 
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5 po demonſtrated 5 Proportion 8 che 


—— i 


Face whether Rectilineal or Carvilineal, is e · 


Flurions of a Curvilineal 4rea and a Recta angle; 
ik ive ſhew that the Curve Surface and the Cy 
_ linderick Surface are to be reduced to a Cv. 
 Hneal Area and a Rectangle; then the Propor. 
tion of their Fluxions will be Rated and de- 
termined by the former Princi iple. Now this 
is a moſt Aemonftrable Truth, that any Sur- 


qual to an Ara, the Aris of which Area, if it bea 


rectilineal Surface, is the generating right Line, 
and if it be a Curve Surface, is the geners- 


Curve Line extended into a right Line; 

and the Ordinates of which Area, are the Pre- 

 ripheries (the Radii of which are the reſpective , 

Ordinates in the generating Figure) extended 
| alſo into right Lines, and applied at right 
Angles to the fore · mentibned Aris. Ex. gr. 
mn che Curve at FIG. V. ſuppoſe it to revolve 
about the Are AB, by which revolution of the 
Curve Line AC c, the Curve Surface is genera- 
ted. Now if we imagine the Curve AC 
5 8 55 tobe extended i into * e Line AC 


2 = 
I» % * C5 4 
„ 

« 


nates BC, bc, &c. (FIG. V.) to be cx 
into the right Lines Co, co, &c. (FIG. VI) 


qual to the Curve Surface deſcrib'd by the re- 


Peripheries. belonging to the Radu BC, bc, & 
(FIG. V.) lie parallel to each other Won the 
Curve Surface in their Circular Form; ſo the 


| other, ordinately applied to the Axis AC · 


Y 


| for Fas of a Curve Line, fo is the interval or di- 


3 


and applied as ordinates to the Axis AC; by 


this means there will be form d a yew Curve. 5 
AOo, the Arca of which, viz. a at A, is e. 


volution of the Curve Line AC (at FI G. V.) 
about the Axis AB. Neither can there be much 
difficulty in apprehending this. For as the 


Peripheries, only extended into the right Lines 
CO, co, &c. (FIG. VI.) lie parallel to each 


| And as the interval of any two Peripheries up- : 


on the convex Surface (FIG. V.) is the Aug- 
ment of the Curve Line Cc lying there in the 


D 2 |  - we 


al the n whoſe Radii 3 are the o mn 3 
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— Surface generated by the Revolution of the 


A = 


no tis manifeſt we have nothing to do, but 
to find the proportion between the F lurions of 
Tr. fd Area ACO, and the 1 AR; for 


Surface 
e 6 (FIG. V) becauſe the Lines KR and 


b of; any wo bs Pat Periphdties 8 04 
to the Axis AC (FIG, VI.) no other than the 
lame Augment of the Curve Cc, extended in- 
to a right Line (as appears in that Figure.) 
From whence, the young Geometer may eaſily 
bring this Theorem to a direct e irn 
tho to give it here in Words at length would 
be too far beſides my preſent purpoſe. And to 
lluſtrate the Matter farther to himſelf, he may 
try the Surfaces of Cones and Spheres (which I 
ſuppoſe him to know how ta find, from ſome 
other Principle) and ſee whether this Theorem 
does not give him the ſame Concluſions, This 

emiſed, let AK (in FIG. VI.) be taken equal 
EF AB (in FIG. V. and Kf = Bb, and AN 
= : the Periphery deſcrib'd with the Radius bq 
or BD, and let the Parallelogram AN cF be 
 compleated. Then tis evident, that as the 
Area'Aco FIG. VI.) is equal to the Curve 


— (auth 


Curve Line, ACc (F IG. V.) fo the Rectangle / 
ANfs 177 16. VI.) is equal to the Cylindrick 
generated by the Revoluti on of the Right 


Kc. are by ſuppofition equal to the Peri- 
Pheries deſcrib'd by the Lines BD and 5 d, &c. 
in their Revblution about the Axe Ab. 80 that 


the 
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Fa 2 8 1s, 7 — to the Curve be the * 
the latter to the Cylindrick. Now the Aug- 


ments (of theſe two flowing Spaces) genera- 


ted in the ſame Particle of Time, are the Cur-- 


vilineal Trapezium CO oc, and the Rectangle 


K * Rg; and the loft. Ratio of theſe, 1 is the Ratio 


of the Fluzions. F \Now ult. Ra, — SY — 
coe . CHE 7 eng 
73. Ci 5-10 x ult. ra. R= (for if == NR 
DOE, — 5 9 as it evidently; IS ; "Ka allo 
” Ola OC 
* Ct e 
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COoc 
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will ult. ra. N R ult. ra 
aN 


th 


CcHF, . 
KT RE us Bur er e ep =OC (arappears 


from what was ſaid before about the Proportion 
of che F luxions of a Curvilineal Area and a 


CcHF. Lea 


Reftangle) and ult. ra. 


—Fluxion of this Curve 


*. 
© Ta 
— & 
be= 


. wk ra. 


AI. nch is 5 manifeſt al- 4 


Bult. \ 
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ſo ds what "Wy been ſhewn of the Ratio of the Ws 


Fluxions of the Curve and the Abſciſſe; for 
Ce and KF at Fig. 6. are the ſame with 2 and 
Bb, or CE at Fig. 5.) Therefore ult. ra. 


% ren of; the. Curve. 


9 FE 7 3 g Fluxion of the Ablcitte 


F. Curve. OCE. Curve. But 
0 T "Adlcatte. © " Fg F. Ablcills. 
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mw „ 
1 qual Peri dich. with Radius BC (FIG. v.) 
> Þ "Ig =: 2 = = Periph. with Radius ö J. Therefore 
_— — G. V0. the Fluxion of the Curve Surface 
3 rated by the Curve Line AC, is to the 
= n of the Cylindrick Surface generated 
B = : che Right Line GD, as the Rectangle under the 
Periphery (deſcrib'd with the Radius BC) and 
the Flurion of the Curve Line, to the Re. 

| baton under the Periphery (deſcrib'd with 
1 b 4 ws and we Fluxion of the Some 
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4 "The Flutions of G . Solids, 
Ds 1 Surfaces, have hitherto been comp . 
With the Flurionsof Rectangles, Cylinders, and 
2 Cylindrick Surfaces; and determined in that 
=_—_ Relation.” We have not ſaid abſolutely, the Flu- 
—_ .-- xion of the Area or Solid, or Surface, is thus 
$.- - of thus ; but the Fluxion of the Curvilineal 
Area, or Solid, or Surface, is to that of the 
5 Rectangle or Cylindrick Solid, or Surface, 
in ſuch or ſuch a Proportion. But now, be. 
cauſe the Quantities that expreſs theſe Propor- 
tions, on the part of the Rectangles, Cylin- 
BE. rick Solids, and Surfaces, are permanent or 
E 3 5 Laudig Quantities; it follows, that we may 
= ſtate the F Inxion of the Corvilineal Area, So- 
E AY 5 lid, or Suface, out . or 1 that Reli 
_ | | ; on, 
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expounded thus or thus, or.the Fluxions ſhall 


pos'd umform Motion of the Line-BD; along 
the Line AB, the Fluxion of the Rectangle will 


Area will be every where, as the Ordinates re- 


is as the Square of the Ordinate; and the Fluxi: 


in reality the Fluxions of the Area, Solid, or 


the more general and abſtracted ( Akebraical > 


expreſſions of Quantity, if we ſuppoſe Ex, * 
gr. the Quantity x to fow wiformly, and would 
find what Term or e will expound ; 


the Fluxion of the Quantity ag Let the Aug- 
ment of the Quantity *, STONY in a given 


Particle | 


ever be in this or that Proportion to another. | 
Thus Ex. gr. twas ſhewn (at At. 3.) that the 


Fluxion of * the Area, was to that ol the Re&- 
angle, as BC: BD. But becauſe of the ſup- 


be conſtant or ever the ſame, alſo BD is con- 
ſtant ; therefore the Fluxion of the Area, will 
be as BC the Ordinate, and the Fluxions e af the 


on of the Curve, Surface (Art. 5.) will be e. 
ver, a the Rectangle under the N de. 
forth d with the Radius BC, and the Fluzion 
of the Curve Line. Theſe Quantities are not 


Surface, but they are as theſe Fluxions, and do 
ſerve to expaund them, and in Uſe and Pra- 
ctice are to be taken for them. Thus alſo in 
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ſpectively. In like manner, the Fluxion _ ; 
of the Solid (Art. 4.) will be ever as BCq, that 
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=. * 2 no; r. The Augments there 


* 
Wh 


Pe af in be expreſſed by the Symbol [Pi 
Now in the fame time that x flows into (or 
2 2 Oe. * 5 the Quantity 


* becomes Aer wh _ from the method of i in- 
| wy 
kite Series, er is = = af : 


ox EET 
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How: + theſe e Quantities , generat 1 
in the lame Particle of rune „are o, 08 


1. 1 V 
2+ WS 6 25 


ai wins beide the Ab of ,and the latter 


an > 


that of x; and tafats' manifeftly one ane | 
Co 438% 2 n 2 * 2 1 
ther as 1 tone 2 TO MO * 2 + 21 ax, c. 


And the laſt. Ratio of them (making 0 to 


. vaniſh ) will be that of I to u . all the 
Terms multiplied into o do now vaniſh alſo 
80 __ the Fluxion of 'S. 18 to the Fluxion of 
n dot | 
x, as 1 ton and confequently the Flurion i 
of x . conftant, or ahrays as 1, the Fluxi- 
5 . ; 
on of 8 ” ſhall be expounded by nx And let ; 
it be obſerved once for all, that when at any 
| ; time 
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ine . 1 fiy ſuch or fach an „ [72 


fon is the F luxion of ſuch or ſuch a flowing 
Quantity, I always underſtand it in that Sence 


that I have plant d my ſelf in, in this Scho- 
lum, Tu deſire * to be underſtood * o- 
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of the N otation of Fanta: 


OT thus EY may falls to be ſaid con 


cerning the firſt and main Foundations 


of our Work. It may be proper now to ad- 
vance ſomething farther, and come to the 8 | 


rations in the method of Flariont. 88 
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ART. . © 


8 * 


3 or Flowing u we chuſe ge. 
nerally to expreſs by theſe Symbols, v, x, y, 2, 
the latter Letters of the Alphabet; and con- 
fant or determinate ones, by a, b, c, d, &c. 
unleſs where expreſs caution is given to the 
contrary. For this matter of the Deſgnation 


of the Symbols, being perfectly arbitrary, any 


Symbols may repreſent flowing, or conſtant 


N 8 


to eftabliſhed i fort of Notation. 
_ greaſe or Decreaſe.) of theſe flowing zantities, 
we ds by the fame Letters reſpe&tively 


mark'd with A Tittle over Head: Thus v, X; 5. 25 
denote the Fluxions of v, x, y, x, and ſo of any 

fimple Integer Quantities. The F lux: 

ons of Fractions are denoted by a Point or Tit. 


+ ti m the Break of the Line, that is drawn be- 


tween the Numerator and Denominator. Thus 


4% * * 
2 * 


dhe Fluren of „ is denoted by TY ; the 


The Notation hitherto deſcribed relates to 
he r Fluxions of any flowing Quantities. 
The Fluxionsof the frft Fluxions of any flow - 
ing Quantities, are call'd the ſecond Fluxions 

thoſe flowing Quantities ; the Fluxions 

the ſecond Fluxions, are the third Fluxions of 
the flowing Quantities, and ſo on. Second, third 
and fourth, Nc. Flnxions are expreſs d by 
the ſame Letters that denote the primary flow- 
ing Quantities, wark'd with 2, 3, or 4, Oc. 
| . Pointe 
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TE. . . 
. . © „ 0 © < „ 


firſ & Fluxions ED Xx, , hs And v, &, , 2. 


Ts 


are the third Fluxions of v, x, Y, zz the ſecond 


« . 


Flarions of v, IK, Y, 25 and the firſt Fluxions 
ak *, , z. And v, x, 83 2, are the fourth, 


Fluxions of v, x vw » Zz the third of D, * FE 2 


the ſecond of v, PT, 'y, * , and the firſt of | 


7 . 1 


VV 1 | 

The Sund third. fourth, &e. Fluxions 
Frafions, are denoted alſo by 2, 3, or 4, c. 
Points, but placed Horizontally in the Break 


of the Line that parts the Numerator and De- 


3 r 12 
eee, eee e 
„„ ES | | | 
= - &c. aretheſecond, third, fourth, e. 
Fluxions it the Quantity - 2 „ theſe 
Fractions were Roots or Surd Quantities, the. 
Fluxions of them would be denoted, after the 
ſame manner. And if inſtead of Frattions | 
we had ce 
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=_ were Var az---2z, the firſt, ſecond, third fourth, &; 
_— F luxions of it would be denoted by Vd 


\ var: 2 Varela, Verl, c. | 


| 


A R * w. 

| * . 5 But this Notion gf Fluzions wa flowing 
ea: may be extended yet a vaſt way 
3 5 farther. For all thoſe Quantities that we vulgarly 
© call Flowing ones, may themſelves be confiderd 
2s the Fluxions of others; and them again, as 
E the Fluxions of others, and ſo the Progreſſion 
to be as boundleſs this way, as it is the other 
way. The Quantities in theſe Orders ( going 
uppards beyond the vulgar Flowing Quantities) 
Hare denoted by the ſame Letters with the vul- 
= gar ones, only mark'd with one, two, three, ET: 
== lithk froaks or daſhes, over-head : - Ay the 
_— Quantities in the other Orders, going downward; 
”  aredenoted by the ſame Letters, with the like 

ner of e. . 


| Thus a8 4 55 IP by -are oats Fine of 1 » 

. Fs v, and theſe the Fluxions of 2, 5, *, vz and 
theſe the Fluxions of z, , *, v; ſo the Quan 
27 » * v, may de conſ * as the Fluxions 
Bog of 


F —— | an 
: ts 25 % FP v 1 and EY as 18 Fluxicns 75 5 — 
| Th . 1 111 * 9 . 1 
a, , „ v; and theſe as the Fluxions * -” 
; 114 Ut: 8 - 


x, b, and ſo ad 6d this And'the Fluzions 5 _—_ 
broken or ſurd, or tr Wh Quantities are in 
like manner erpreſs d in this kind of Notation; =o 
the Daſh, or Daſhes being placed juſt over, 
the Break of the Line, as in the other Caſe, the 
Point or Points were placed in it. Be 13 


3 — N N — * es 


y a%--ZZ, is the Fluxion of Vau=x, a hi 


—1.— 
latter is'of az; and ft in the reſt. N. o 


Jn 


PPD an, o» 
then in ſuch a Series as this, z 2, 5 x, x, , * 


te | — 1. _— 
Z E or in "IF a Series as this, ves, 


f 4 — — | #200 g, pow OT IL 


1 as * 


Var-xx, 5 XX, Vaz-xx, v az--2Z,v 2-22, 2 
c. continu'd boch ways as far as we pleaſe; 
every Quantity is the Fluxion of the immedi - 
ately foregoing, and the Fluent of the imme- 
diately following one; and comparing ks 
at any Intervals or Diſtances, they are Fluxions 
or Fluents of ſuch a Denomination, firſt, ſecond, 
third, &c. according to the nambes of Inter. 


vals between the Terms compar'd. ws | 
. | SECT. 
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Of the Operations in Thru, 
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e Heſe Things premiſed, we come now to 
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=_- . propoſe a General Problem; the Solution 
= of which, is the Foundation of all our Opera- 
tions s about Fluxions: 885 
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. Equation being given, including any 
= Number of Flowing Quantities ; tas re- 
=_ : quired t0 find the Niaicions of the ſame. 

= For the Solution of which, Mr. Newton 
_ == gives this Rule, viz. Let each Tore of the Equa- 
3 = tion be multiplied by the Expunent of the Power 
A 5 5 of every flo ing Quantity, that Term includes, and 
—_— - inthe ſeveral Multiplications, inſead of the Root of 
a Power of each flowing Quantity, ſubſtitute its 
= .:» Flies; then will the Sum of all thoſe Produ@s 
1 under en Proper Sigus, be the nem Equation 
1 feht. Ex: gr: let the Equation *—xyy+ 

, _ aaz——Þ=0 be propos d; where a and bare 
He ing Quantities, x, y, z, flowing ones. 
28 No let the Terms be multiplied firſt of all, 


* 


. 


> 


755 1 of the Pres 2 x ade 7 55 
t, then ſince x is not at all in any "4 0 
he two "Firſt Terms of the Equation; if we 
multiply them Terms by the exponent of the 
[Powers of x, which are 3 and 1, we ſhall have 65 


3 
3 x—=x) 73 "a putting in x (Fiakiseh) i in the 
room of the Root bf thoſe Powers of x (that is, 
Inſtead of x it ſelf; or x of one dimenſi on) | 


Ree We. | 
we tha then have 3x x——x yy. It we proceed | 
after the ſame manner with the Quantity y, the 


reſult of that will be— 2xy y; and if with the 


Quantity 2; we ſhall have aaz. So that the 
Sum 5 all the Products with their e 


signs, is 3 3 2x9) — az. Put 8 
this Expreſſion = o, and then will this Equa- 

tion give us the relation of the Flurions, of the 
flowing Quantities (as ſo combin'd and rela- 
ted, in the Equation propos'd) or in other 
Words, this Equation will be the Fluxion of the 

other. The N of which i is as fol 5 


lows. | 


© ART. Ill. 
Let the very ſmall Quantit 6 bs ack and 


let the Expreſſions. 02, 0 T” repreſent the 
FP E . ? . 


4 


in 2 very ſmall part of Time. If thereſy 
v, at the-preſent Moment, the flowing Qua 
are x, y, x; the next ng (when ans 
| mented by theſe Increments) they will becom 


[1 
. 


g- 


8 +05, 3+ oy, s, - Subſtitute theſe E 


preſlions (in the Equation propos'd) in th 
room of x, y and x, reſpectively; _ tha 


"0 


chat Equation will appear thus, viz. * 5 1 


* 


. OJ TT. 1 8 
' x + 3X0xx + 0Xx—x) - =0x)Y=—2 vy 
5 3% ns on 
280 Y)j—x0 yy . az + a0%- 
5 So. The Equation propos d being compn 
| hebded in this, ſubſtract that from this, | 
ride che ans ga the 
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then it will be 5 + l e 


: 9 ” 


„ %%% 7 ISS + 2 „ 
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Li 15 A2 - - + aaz = 
Let the Quantity o be diminiſhed” Infiniteh 


. 


S&T. 


or ſuppoſed to vaniſh, and then all the Teri 

oe into which it is multiplied, * all 
: there will! remain 1 + aa! 
2, the Equation thatdetermines the Relat | 
of the Fluxions. RE | 


c h 7” 


ſame with that which has been us d fo tg 


by that delivered at 11 Ng. 5. is one and 
tion, and work it according to the directions 


both ſides. Let the Equation be aaz—xyy 
=0, or 44Z = xyy. Then, according to the 
Rule 3 in this Problem, the Equation cxpreſiing 


oe relation of the F luxions, will be aa 2 


ys —27¹ So; the Operation for which * 
need not repeat. Now according to A RT. IV. 


Fag. 5. if we take the laſt Ratio of the Incre- 
ments generated 1 in a given Particle of Time, 


of the Fluxions of any fluent Quantities pro- 
pos d. Now to ſtate the bicrements rightly and 
bi 5; we are to conſider that or 
being ſeveral flowing . Quantities, x, y, 2 
which are to be ſuppoſed to flow W 3 
the ſame ſmall Quantity o cannot poſſibly re- 
preſent ther ſeveral Increments generated in 


*. 


"Thi en is in te main, 61 Y 
ja for determining the Proportions of Fluxi- 

Aud to make it as plain as poſſible that 
'tis is fb, and to ſhew, that to work by this Rule, 
here delivered and demonſtrated, and to work 


the ſame thing in effect, we will take an Equa- 


of both Rules, and ſo compare the reſults on 


that will give us, the Proportion and Relation, 


R . 
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1 oth Particle of Time: Th xg ent 
All of the ſame Magnitude. Sothat tiers muſt 
5 5 be a ditferent Expreſion of Iucrement, peculiar to 
and each of the flowing Quantities, x z 2; 
be theſe Expreſſions are very, aptly made to 


1 3 


ox, oh, 02; concerning the reaſon of which 
wee ſhall ſpeak farther by and by. In the ſame 
1 Moment of Tune Oe the Quantitie 


—_ x, 55 25 flow into 2 * 0, y I 0), 2 ＋ 02 
3 5 WE}. and i in the ſame Moment that Y becomes y +0 n 
VI, becomes )) + 2% K 003); and in th 
3 5 "Eu ſame Moment that Jy becomes ” + 2050 + 


* 


= | 00%, the Quantity x)7 becomes 2 + 2x) 


8 09 + 2055 + 05% * + 250 5K + 5 and | 


3 = he Quantity aaz, becomes aaz + 2402 
Ik̃Bherefore the Augments of 9 and aa * ge. 


1 in the ſame Moment, are 2 * z oy + 
3. * 2 


x09) —— 6575 les 230098 + o xy, and aaot 


and theſe are evi dently one to another as 2 91 
| | Os 


+ K N + 27% K, to aa: 
8 for the laſt Ratio of them; let the aug 
menting 1 of o 2 and then they 


1 55 5 will be as 2575 ib Jy 5 to aaz, which is 
5 > hw 


der 15 Ratio or 7 3 5 1 55 thi F „ 4 
deſired. But now, becauſe the flowing Quan- 


tities are equal, vx. x). y=aaz, therefore their- 
Increments atherated in a given Particle of 
time, are equal ; that js, the Ratio of thoſe 
Increments conſi der'd. as finite, is a Ratio of 


Equality ; and therefore the Ratio of thoſe In- 


crements conſider'd as naſcentia, or evaneſcentia, 


ſhall be a Ratio of Equality; and therefore the 


Ratio of the Fluxions ſhall be a Ratio of Equali- 


ty; that is „hee, on conſe-. | 


quently ar - — 2 455 o, which 3s the = 


Equation found by the former Rule. 


VN. B. I inferr'd juſt now, that if the Ratio 
of the finite Increments was a Ratio of Equali- 


ty, that of the naſcentia, or evaneſcentia Incrementas 
ſhould alſo be a Ratio of Equality. I would 
not be thought to ſuppoſe by this, that the Ra- 
tio of the naſcentia, or cvaneſcentia Incrementa 


fhall be the ſame EO that of the Increments 


conſider'd as finite; for we have ſafficienthy 


ſhewn the contrary to that already. But what 


T aſſert is, That if the Increments confider'd : as 
finite and actually generated, in any given 


Particle of time, be equal to one another, that 


then they are alſo equal i in the ff, arifog, or 


laſt, vaniſhing, ſtate z or that a Ratio of Equali- : 
ty between finite Inceements, generated in the 


lame time, can never r become a Ratio of Hequa- 
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3 ; tf nts conſider a a arg, or 20 
nibag. ne omg, 
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"The 8 of che n Qrantite 6 
x, „ J. ) generated 1 in the ſame 1 8 of time, 


= eee by the Expreſſions 025 os, 0 
care by a very proper and ſignificant Name, cal. 
E Jed Moments. This Term Moment , we know, 
= ® In its common uſe, intimates, a Product of 


Quantity 0 multiplied i into z, the Flnxion or 
=_ Velocity of the art}: 7g Increment, of the flow- 
ing Quantity z; and fo of the reſt. And this 
port of Notation ſeems to be ſo natural, and 
ED apt to the purpoſe, that tis not eaſie to ima- 
ie what other Expreſſion can be n, that 
it ſhould give way to. | 
= 85 For though the Increment of any one 
| - flowing Quantity, as z, „ry or x, may con- 
_ gruouſly enough be repreſented by one ſmall 
Quantity, as o; yet the Increments of ſeve- 
ral together can't poſſibly be expreſs d by one and 
the ſame Quantity, becauſe the Lex && ratio Fl. 
eudi is not the ſame in al. ; of them, but different and 
5 various. 


f 
1 " Magnitude into Yelocity 3 and it appears to | 
1 | do the ſame here.” F of oz r. is the Produd WM 
3 . of 6 0 multiplied into x; that is, of the ſmall 


Ne be erements 
in a given Moment of time. On the other 
hand, neither can we repreſent the incrementa | 


of theſe flowing Quantities thus, viz, 2+ 25 5 


1+» „A. For 2, 55 x, denote the Pinien, 

that is, the Velocities of the ariſag Increments. 
of theſe flowing Quantities; and would: be: ; 
diſproportional to repreſent the Increments _ 
of any Quantities, by Symbols that denote. . 
meer Velocity : 8 that neither of theſe two 
Expreſſions can do alone and by themſelves. But 
now we may ae ee theſe Increments, 


by the, products 025 oy, 0x. For here is d 5 
ference and variety in this Notation, that ſerves. 
to expreſs the different Increments of different, 
and differently flowing, Quanti ties ; becauſe tho? 
one Faffor, namely a, is the ſame i in all, yet 
the other Factors are all different, and conſe- 
quently the whole Momenta. are fo too. But 
then (which is the main Point) theſe Momenta . 
are in proportion to one another, as the Fluxi. 

ons of the flowing Quantities relpectively, for 


} 02, 05% on are a8 K, y, x „ and Mr. Newton 
had before expreſly told us; that the Increments 
generated in a very ſmall Particle of time were 
very nearly, as the Fluxions. So that in con- 
Fury” to that Fundamental Law, the Incre- 

| BY. ments 
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it, and branch it out into thoſe particular 


e (mor fes, of fre flow. 


ta or Products. From whence the conſi iderate 


| Expreſſions might be proportional to thoſe of 
the Fluzions ; and this could not be, but by 
_ repreſenting off them in this manner as Momer 


Reader may ſee what wonderful Art and Con- 
trivance there is, even in the moſt minute 
Steps taken by the 822 Author i in this Me 


thod. 
"Thus have we given the Tl: De. 


monſtrations, of all our future Operations, in 
fading the Fluxions of any flowing Quanti. 
ties. What remains now, is to bring the Mat. 
ter down to eaſie and common practiſe, in all 
variety of Caſes that can happen; and to ſhew 
in a demonſtratiue way, how thoſe Ruks are 
formd, which the young Geometer is to make 
uſe of, for ſpeedy and expeditious performance: 
And all theſe things will be but ſo many Ex. 

amples and particular Applications of the Ge. 

neral Rule before given; for that contains all: 
However, it will be very uſeful thus to illuſtrate 


| Rules 2 muſt ſerve for practice. | 
To A R 8 Iv. 


- Whatever — Quanti ty is ee 
*twill be reduced to one of theſe Heads: An 


, - SI 
: 10 # 
; 4 C 
a y 
5 
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| ing ug Quantities) a ProduZ, or « Multiplication of * 
ſeveral flowing Quantities into one another: 
A' Fraftion or. Quotient of ſome flowing 
Quantities divided by others: A Power of 
ſome flowing Quantities (whether a fmple_ 
Quantity, a Produ@, a Quote or Frafion.) As 
for Roots and ſurd Duantities, I include them . 
under the Article of Powers. And I forbeerr 
making a diſtin&: Article of Aggregates of _ 
Produ@s, Quotes, or Powers, becauſe the Rules 
| for themfingle, will reach al — . 
tions of them. 
To proceed then. Let the Aa pals * 
; be proyes 4 *. Fluxion then will ſtand 


thus, z+3 +=. And ſo in other Inſtances of 
the like Nature ; neither need this caſe be inſiſt· 
ed on. The Rule here, 2 only (according to 


the Notation) to ſet down the flowing Quant | 
ties, with the Points over them each with "OTF re. 


e Signs. | Re | 
A K „ 


1 Let as product x.y x be propos d. S | 
= poſe a) * D then will the Fluxion of bo] 4 


that is v, be equal to the F luxion of the = 
tity propos d; which I deſire ſhonld always be 5 5 1 1 
ferved. Let the Momenta ' (or Increments 
theſe flowing ee, generated i in a given = 

Particle _. = 
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From whence taking away the Original Equz 


' 5 
e * At * „ 1 i 
* 


. hn} 1 os. CM 0 ther rez. 
fu of whach was ſhewn before. Then ſubſt. 


t 


2 + oz, 5 V * To, v ov, i in 
fed of =», x, we ſhall have for a neu 


Eqution xx) + yzox = xxo + 540 + 


r yk. 


Z00x). + yours +: X00Zy + 0Zyx =v + ov, 


tion 4 = = vz there remains yzox + x KO + 
. „ 3 «„ 
your + 20045 1 f 00Zx + * * + 1 = 


e, that 1 18, yur T xx) * * zoxy + 


„ 


Jour O + ens = ry ; and mgfing | 


| Ge-Quantity 0. vaniſh , we 5 Jus tr 230 


JE = (v 255 =) the Fluxion of the Quantity 
propos'd. So that the Rule is, to multiply the 


Fl ion of every particular flowing Quantity, by 
the Product of the reſt of the flowing . 


and the ſum of all "age. Produs is the F. mo re- 
End As here: x 18 multiplied by yz, 5 by z x, 


"2 by yr, and the ſum of theſe three Products 
18 G Fluxion of 250. 1 


80 the Fluxion crash i axy £ yas, for a 4 
being a conſtant Quantity, the Fluxion of it 


is equal to Becking. and ſo the Term in which 
that 


that Ba 7 E bound. 18  equaltonothin 5 ; which As | 
I remark bere once for all. 
80 dhe Fluxion of ax +bx +: <Y, wax + | 


bx + . And the Fluxion of xyzv, is equal 


xzv + guy T 27 U + vy. 
ART. VL 


Let the Frattion — be propos d. Suppoſe | 
u a — yo. e 5 s =yv + 
1 0 


voy + you + 099%, 44 (becauſe s = yu) 
0x =voy +you+ 08V-: ; that is, * = v3 + 
yo+o5v; and when o —_— tis x = 95 


1 yy, and by reduction v = Tr 7 atk 
| e inſtead of v, ſubſtitute its value 23 
Fa and then v = 2 yx—xy, which 


#—vy 


1s the Fluxion defi 'd. The Rule than is Fr | 
Multiph the Fluxion of the Numerator, by the De- 
nominator, and after it place (with the u) 
the Fluxion of the Denominator, multiplied into 
the Numerator ; then divide the whit by the Square 


o th the Denominator, and this Fra#ion is the 
Fluxion 


— 


. : | Flute of t the Hadio n 45 hike 8 1 


Fluxion of the Num. is multiplied * y the 


_ Denominator : After which is placed (with the 


| Si gn—) y the Fluzion of the Denom. multi. 
plied into x the Numer. and all is divided by 
7 7 the Square of _- Denom. 7. So ge Fluri 


1 e 


5 — 
on * Is — ; of — is ; 
5 0 = fo here 


wa the Numer. is a fanding Quantity. The | 


Fluxionof = — = 5 


3 i 


} — 


axy 7 95 + XY L xy — "A 
* 1 1 


axy * ayx + ** 
ae as plain for thoFluxion 


of the Numer. x 7. is x y + y „ which multi- 
by the Denom. a + x, gives axy y + ayx+xx5 
+yx x, from whence ſubſtraQting the Fluxion q 
of the Denom. « which is x) multiplied into 


the r x, which makes yx x, and re- 
jecting contradictory Terms; and laſtly di- 
. viding all by the Square of a ＋ x the Denomi. 
ator, the Fluxion will ſtand in that Poſture as 

4 | is 


n 5 * iS S 
9 — * * 2 * v 1 5p "0 


a rx 


pu tion and Reduction as before. 8 


ART. vn. 


in od to the Abe e and ma- 
nagement of the Operations for the Fluxions 
of Powers, twill be requifite to premiſe ſome 
few general things, concerning the nature of 
Powers themſelves, and their E xponents. And 
here I think it may not be an improper De- 
ſcription, to ſay, That a Power is the Reſult or 


" Multiplicand, then the Power produced, will 
be denominated, the fir, ſecond, third, fourth. 


will this Product, viz. 1=q xq *q *q *q xq, 


&c. either continued, or contracted, according 
10 any Number of Multiplcations (anne or 


15 n 
LY 


ſo finding the value of v, by juſt Tranf: 7 


Noduct, of a certain number of Multiplications, | 
where the Multiplier is the ſame Quantity continn- 


aly, And if we make Unity to be the ft 


&c. Power, iccordin g to the number, either og 
of Multiplications, of Multiplicands, or Mul- 


e Suppoſe any —— as 25 z and ou 3 


is ed. , This che Reader 5 — = 
ſtrate to himſelf by ſuppoſing EL = v, and 


"Pa W 
A Cer. 


ain Wer of the mee; 95 a 
3 expreſs'd,” by that number, which is the 
number of the Multiplications that are made 
or of the Multipliers, or Multiplicands (to be 
conſider d in thoſe Multiplications) Ex. gr. ſup 
* we * at chree Multi bree the 


* 4 
1 8 3 0 f 0 8 _ a 
7 * 7 * AF : 


ooo w 


Reſale or Product d be 19 49, of 


| 4215, or 999, that is the third Power of. 


no more than three) i is evident; for firſt, here's 
the Multiplication of 1 by 9 „ next the Multi 


Plication of 1 into g, by 43 and then the Mul. 


tiplication of 1 into 9, into 3, by 9. The three 
Multipliers alſo, are 9, 9, and 9; and the three 


Multiplicands, are I, 19, and 199. And 


10 in n like Aiauner for any other Power; the 
3 that denominates or expreſſes the Rank 
er Place of that Power; in the order of firſt 
Tcond, third, fourth, & c. is the number that 


thews or expreſſes how many Multiplications | 


are made, in order to the Generation of that Pro- 
Ws or Power. 5 | 


* 


1 R T. vm. 


Theſe e now, that 6 the 


Ree or Place of any Powers, in the order of 
5 8 > Nume 


t there are three Multiplications here (and 
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2 
© „ * 8. 

* - 1 = - 

Bc i ” 24S - - 
9 RES WSg 5; ve 
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Gees or Eupouents. This Name is ſited to nr vj 
Nature and Office, which is to indicate, er- 4 - 
pound, or ſhew, how thoſe Powers, ſtand or 5 | 9 3 
are placed, in the order beforemention'd, and 5 =_— 
what Denomination they. have there. So that — 
taking the Powers in the natural and orderly 5 2 - 
Proceſſion of firſt, ſecond, third, fourth, b : J = 
&c. their FJadices | or Erpbnenm will conſe. 
quently be, the natural Numbers beginning 
from Unity, viz, I, 2, 2 4, % . 24 = 
hence pow follow thoſe two TG which ae 
Fundamental i in this Buſineſs. =_— 
1. That a Series of the Park of 3 
tity, thus form'd by continual Multiplications, - 
are a Series of continued Geometrical 9 1 
That the Tidices or Baue of den 1 
Power are a Series of n Ari 3 
| Ex. gr. Dopafs | 85 „ HE (+ Eo 


* 
£% 
* 


I xy xy xy xy 5 TY ere 9 3 * q 
= and ſetting down the ſeveral Products (taken "© A 
according to the extent of the Lines drawn o: 
ver Head) as diſtinct Quantiti ities by themſelves; _—__ 
= we hall have a i Series of the Poyes of * OW _ 


12 E - =" 
6 2 5 
* 


a third. c. Powers of the Quantity y which 
BEEF Cube, Biquadrate, &. and are very neatly and 


| Tighificantly repreſented by tlie fame Letter y 
with the number that denotes the Exponent of 


Vi „, N n Y, &: Now wi theſe e are a Serie 
of continued Geoinetricals, 1s moſt evident. 


following one another, is ever that of 1 to) 


mals, is as plain; for they go on, having till 
he . exceſs or difference between one ano- 


fel * | 


. firſt Term of the Geometrick Series, be made 
| 1 z the firſt Term of the Arjthmetick Series 


ena be 03 becauſe as f y. „ are in continual 


— 1 ww 3 9 44 the Fry ld 


are called bythe names of the Side or Root ;Squar, 


each Power, placd at the Head of it, & 
T2443 


For the Ratio of any two Terms immediately 


as appears from the Law of the Generation or | 
Formation of thoſe Powers; in which the 
Multiplication proceeds continually by the 


{ame Quantity v. And that the bid are 
a Series of. continued Arithmetical Proportio 


ther; as 2 —1 = 1=3—2= = 4—-3,and 
fo in the reſt. Theſe things are clear from the 
ery Definitions of Geometrical od. Afith mer 
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"a Hoi ws it will follow, unt if the 
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1 2 O. I. * i in a: 
Arithmetical Proportion. So that then they 
| will ſtand thus viz. I. 5. 5 1 7. Ac; From 
= 0. I. 2. 3. 4. 5: 5 
whence it will follow alſo, zoek 1 in. the Sunk = 


alSeries, is the Gas thing as) y, or the Quantity 
y, having a Cypher for its Exponent. For the 
Numbers in the Arithmetical Series, do (a5 


dent n on the Geometrical Series. | 80 


that as y ain * are the Tarms contin 
to 2 and l (in the Arithmetical Series FX ſo al- 


ſo muſt 4 -b the Term, correſponding to 0 in 2 


that ſame Series. For as 5 is the reſult oft two 
W where) is the continual Mul- 


tiplier, and n or y (or 7 7) 1s * reſult of 5 


one fic: Multiplication ; foi is 7 the reſult of 
no Multiplication at all, in which y is any 
Multiplier : or it is not. produced by any 
Multiplication of y. Therefore ſince from the 
nature of Geometrick Proporticn, 1 will be the P 
| next Term 888 2, and alſo {itce from the na. 


ture of Aves, 5 ll be the next Term below 
); tis evident wk theſe two Expreſſions are 


equal, or that 181 1 F 925 ART. 
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was ſheuyn) expound or expreſs, the correſ on- 
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N Faden 1 ks 00 been ſaid, may be 
© &deduced the two Fundamental Rules, for al 
Operations relating to Powers and Expo 
nents. V 
1. That any two Terms in PA Geometric 
Series, being multiplied into each other, the 
> | Frodu& will be a Term, the Exponent of which 
will be the Sum of the Exponents of the two o 
. Terms added together. Ex. gr. I fay, 
ES 8 4:4 '$ 
"that y, OY =), and y x y is =) 


d ſo in any the like caſe. This may 


be thewn (in 880 ſort ) from 52 oY Note 


tion it ſelf : For „ is yy, and my 15755575 and 
2 88 1 85 y is 7777, expanding: the Paveiire from tix 
> ©  Numeral, into the literal Expreſſion. And that 
the two former Expreſſions multiplied, are e. 
qual to the latter, is evident to the fight. Bu 
the matter is capable of a fair Demonſtration, 
tom the Nature and Properties of Geometric 
Proportion. For (becauſe of the Terms inthe 
= -. . ſame Proportion to one another.) theſe Anab 
Sies hold . vix. 
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| But 26969 5 5 "EY =” 


57 I Invertion: 1 * 
a 5 1 85 b mutation of propor- 
ry * f tionate Terms. . 
C 4 
1 5 By Equality of Propott; 


And 7: 7: 
| And 7 7: 
Thr 5 5 . 


. 
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| Now from the nature of Geometrical Prb- 
portion, the Product of the two Extreams, is 
equal to the * of the two Means; there- , 

| 6.2 55 8 642 

fore y xy i8= 1755 =y =). Thus by 4 . 
ceſs of Analogies, may we bring the two Terms 
(which we ſuppoſe to be multiplied into one a- 
nother, and the Product of which, we ſay, is 
Fl Tem, whoſe Exponent is equal to the Sum _ 
of the other two Exponents) we may, I fay, 
bring theſe two Terms to be the two Extreams of 
an Analogy, the two Means of which, ſhall be 
1, andthe Product of thoſe two Terms. And 
thus may any other Examples be demonftrated;: 


tive, and) which compoſe the Reci. 
(as they are ae calld) 


Series, » + 5. J. ). were to be 


continued on from 1 or 5, according to the m 
ture and tenour of that Law, relating to the 
tiplica cation of Powers, juſt now demonſtrs 
he. NG is, what be the EI. 
the Powers of y in the Geometrick 
ontinũed from 1 or y. Let us repre 
eden by a, 55 c, &c. and ſo ex 
eſs * continuation of the Series, by the Term 


. . J. Ac. $0 that the Series will fand this; if 


92 e HIS BE 
y. Kc. Now becauſe the 


cometricall y proportional, there 
3 | N 


5 3 oat the Product of the Ex 
1 to the oduct of 


— 


T 
„ or (becauſe 7 =1) 
Mt, ws 2 4a. | 5 5 
W =y xy ; and therefore according 
_:. - the Rule, 1 muſt equal the Sum of the Ex | 


9 — I 


- 08 ponents 2.and a; that is 1=2-+ a, *conlſe- 
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= a, that is — 12 
. c, d, &c. - will 
= 4s c. reſpectively. 
in this Form, 


7600 | 
» &c. are the ſame with 


„ 4 = 
7 * a i 5 by" es, 
1 i 4 


80 that the Series 
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3 
expreſſed. F or "ſy ſhewn juſt 
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are Geometrick 
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ti iplication « 0 TOs, * 
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treams is = the. Product of the Means, 


vt wk 
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J. that 5. 3. * . 
nal. From hence we may infer, 


no 


ſame thing as —, ſince they are eit 
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7. 3. 5. And ſo of any others. - < 1 if 
we have N Quantities expreſſed in this Form, 


. cc. where the Exponents are po- 


4 205 


= .. fitive,: they may be changed into another 
= | Form, where the Exponent are Negative; ad 


* 1 5 : . + 
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=_ The foond Rule tobe obſerved i is, viz. That 
a | raking any two Terms in the Geometrick Se- 
1 „ if one be divided by the other, the Quo- 
m will be a Term, the Exponent of which 
= will be equal to the Exponent of the Numerz: 
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Reflections upon this buſineſs of Powers : and 
their Exponents, and ſo proceed to the Apple | 
cation of them in Fluxions. 
1. That, tis plain, that taking any Series ot 
© Quantities whatſoever in continued Arithme- 
tick Proportion, we may preſently form 3 
- Geometrick Series, to the ſeveral Terms of 


which. the others ſhall be Exponents' reſpectively. 
And Vice verſa, a Series of Geometrick Powers, 
given, the COR ent on metick Series, 
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trick Series; how many Geometrick mean 
Proportionals, there are included between theſe 
two Terms; ſo many Arithmetick Means there 
are, between the two Terms in the Arithme- 


tick Series, that anſwer to the two Terms ta- 
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firſt of thoſk Arithmetick Means, ſo 1 is * the 
Arſt of the 5 Means. | 

The Reader will eaſily furniſh himſelf 
with enough Examples of this kind, or any 
other, relating to theſe Matters, after the hints - 
we give him. I chuſe all along, to bring Ex- 
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en o and 18. So alſo 9 be. 
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between © and 9. The efore between gand18, 
but two means, ſince 9 it ſelf 
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the Numb 


any. | two Terms n * equal tot! 
number of Means between o and the vemotiſt 
Term from o, abating the number (of Means. 
between © and the neareſt Term to o) increas'd 
by Unity. Thus if 15 be the 6th place from o 
( incluſively) then 6— 2=4, and there are 
4 continued Means between o and 15. And 
raking any other Term as 9, which being the 
_ zth from o, there are 2 Means between o,and 
9. Now 2+1=3, and 4— 3 2 1; which, 
I fay, is the number of Means denuven 9 and 
15 ; or, tis all one, if we ſay that the number 
of Mears between any two Terms, is equal to 
the difference (between the numbers of the 
places of thoſe Terms) abating Unity. Thus 


3 =2, from whence: ſubſtrac Unity, and 
there remains 1 for the number of meam be: 
| tween 6and 12. And ſo of any other. 
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ty; that is, to the next Term belbw it. Thus 
3 4 - the number of Arithmetick continned 
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fon of 1. 2. 3. &c. And then the number 
Means between © and 1. or o and 2. or o and 
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for whole numbers: Or we may expreſs it other. 
vibe, with a particular regard to the F rational 
Nature of theſe Terms, and ſo ſay, that it is e. 
"lb to the Denominator of the Fraction taken 
once, abating Unity; taken twice, abating 
Unity; taken thrice, abating Unity; and ſo 
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whence, the number of Means between o and 
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Vnity; taken twice, abating Unity; taken = 
thrice, abating Unity, &c. And from what _— 
has been ſaid, we may eaſily collect the num. 
ber of Means between any two Fractional _ 
Terms whatſoever, in theſe ſort of Progreſſi- 
ons; ſo that I need not * any longer den 1 
ls Matter - 8 4 


47 ” g 8 8 * * N 7 0 
* an S 1 p . "3, ! — : r ? 2 & "4 ©, TY IRS 
by . 7 * — LE > = . 7 8 . g 2 
» PAL 4. 5 l ' 1 x Mn 4% %* 644 Nen n * * 41 =o E208 3 * e * 
> * r WS * © AYE wha * : * * . * - 5 . 
2 N i ; 5 * : << n . 
3 N F { 7 1 N % EC A : _—_ 
F JV i 
- "I mn 4 2 4 l CR os LAS. _— 
& 7 5 . 4 | : 552 */ 4.2.” $0 
$7 £407 OT Ma Cats «2 2 _ 
3 ; p : - ov”, £7 ERR 
x a #..\ * £4 ns Nt "4" * 
= i] * . pda * I — — © > 
Y * . = 2 — * + — 
- : 2 ; = 
_ 2 \ DIS © 
hes * 3 
ws * 
** = ” , — 
I _ 
= 
* 
- 4 + 
1 
4 . © 


* | 298 
$ 


AAT. nuns 


= 2 Whathas been id of Powers 0 their 
 dices or Exponents, are expreſſed by Numbers: is 1 
as eaſily applied, when thoſe Exponents are more g 


generally erpreſs d by the Letters of the 8 „ 
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now a Power, whole Exponet is the Product of 
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cx, whoſe Exponent is equal to the Exponent u 


divided by the 8 n. The Reaſon and 
Demonſtration of all which, is moſt evident 
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which the more readily into the Readers Mind, 
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* thus much concerning "the Nature, Ge 
nieration and Properties of Powers and their Ex- 


ponents; we may now go on with the Thread 


of our Diſcourſe in the Doctrine of Fluxions. 
Let it be requir'd to find the Fluxion of x"; 
that 1 is, of 115 Power of x, whoſe Exponent 18 


n, ſuppoſe 5 rz; and take the ſill Quan: 


tity o, as before; and let ox, and ov be the 


fncrenients of the Quantities x ahi v, generated 
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1 from n the Exponeiit, and ſet down the flowing 
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Flurion of 5) and this again by n (the whole 
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how to find the Fluxion of a ſingle Power) 
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general Rules before given, for fin ding the 
Fluxions of Products and Fractions. So that 
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AB or AC, is to that acting with the 
ion CB, as the Fluxion of AB or AC to 


_ the Flux of CB. „ 
ros 4 FIC. vin. 


Ae Angles as eBC, BC, being af- 
| end in a Circle; "tis requir 'd to find 
the proportion of the Fluxions of thoje 


Angles. 5 
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x. ef=y. Ci=v. biz. Arch Cesc. Arch 
I Ch= F. If the Ordinates ef, bi, be ſuppoſed 
to move in the ſame particle of Time into dg, 


vp; then fq, ip, will be the Increments of the 


Abſciſſes, and d e, g h, the Increments of the Arches 
generated in the ſame Particle of time. At SECT. 
II. Twas denſonſtrated, that the Fluxion of any 
Curve line i is to the Fluxion ofthe Abſciſſe, asthe 
; Tangent totheSubtangent. Therefore: : æ . 
u f. alſo f+s hn mi, But from ſimilar Tri- 
: angles, en; uf:; Be: ef, and bm: ni; 
Bb: bz, Conſequently in the Symbols, cx: 


9:3, and f: Cr. z, and z Fri SE 2 K. . 
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7 the Line AB, in er moment of Tims, 
be ſuppoſed to be divided in extream 
And mean Proportion, as ex. gr In. 
"7. "the Point C then the Point A conti-. 
115 | ming fixt, 3 the Points B and C 
moving in the Direction AB, ti re- 
 quird to find the Proportion: of the 
Veloci ies of the Points B and C] fo 
&: he the flowing Line Ab, may fill t be 
18 rr in extream and mean Proper 
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t BC be 7 en Ore; 
Section of the Line in extream and 
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of the Increment of the whole 
2AB—— 2AC. 
of the Increment” of the 
Segment BC, mult be to the Velocity 
the Increment of the leſs Segment AC, as 
AC. 2AB—3AC. And the motion pro- 
ceeding after this manner, the two moving 
Points B, C. and the fixed Point 4, will ſtill 
divide the Li (in all the Augmentations or 
e of i) in extream and mean Pro- 
A al manber FT; other Problems relating to 
the Motion of Lines and Points, which are 
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two Rectangles reſpectively ; that is AC= 


and EG NP, then ſuppoſing theſe Rectangles 
to be bene e or diminiſhed by a regulae _ 7 
Flux of their Sides z to find with what Velocis 
dies the ſeveral Sides muſt flow, fo that the 
Areas of the Figures themſelves may ftill be in 
the ſame given Ratio ex. gr. of m to u. If the 
Reader attempts the Analyſis of this Problem, 2 
he will quickly ſee of what uſe the two E 
Squares are, proportion d i in that manner as is 
And hben the Problem is ſolv'd with re- 
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& to the two Rectangles, twill be ſolv'd 
with reſpect to all Curvilinear Figures, that 
have the ſames Baſes and Altitudes with thoſe 
# | Reflangles, and whoſe Areas are in a direct 
conſtant Proportion to the Areas of thoſe Re. 
tangles. I ſay, that the ſame Procels does al- 
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"nm Tin me,. ne wich the . u Velocity a 100 
15 ir d in that time; which Theorem is ſuffici. 
_ ently well known. If the Motion were ſuch 
* the. Velocities were in any multi iplicate 
or ſubmulti plicate Ratio of the Times 3 ag, ex. 


FE : d*, or 5. bi: d ythenm: : 
1: 2, in onecaſe, or m. n: 1: J, in the other, pi 
conſequently, nu: m:: (that is the proportion 
5 of the ſpaces deſcrib d by the two Motions in the 

1 time) as 3: 1, in one caſe, or as 5: I, or as 
4: 3, in the other. And thus i interpreting the 
Exponents m, u, according to any Law that 
ntay be ſuppos A. the proportion of the Spaces 
will be found in that Suppoſſtion. | 
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1. we conceive the Veloities 7. 5 as Ord 
nates, applied'to the Abſciſſes x, d, which de- 
note the reſpective times; then the Figures thus 
formed, ſhall expreſs. — proportion of the 
Spaces deſerib d by 1 the equable and accelerate 
Motion, in the ſame time, es the Law 
af that Acceleration be. N 


=; ages con u. e 
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preſs the Nature of the Paraboliform Figareziti 


general. From whence it follows plainly e.. 

nough; that when the Times and Velocities are 

| proportional to one another; and conſequently 
the Motion is uniform, that then the Space de- 
| {crib'd is a Rectilineal one, and that no other 
than a Triangle; but when the Velocities and 
Times are not thus proportion'd, but in ſome 
multiplicate or ſub· multiplicate Ratio: 6f ole 
another, then the Figures deſcrib'd will ow: 
be thoſe of the Paraboliform kind; as appears 
tom the Equation above · mention d. For the 
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The Time that a Body 2 fe . 
ing through 


"it ſpends in deſcribing 
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| conſequently the 4 BB Ce ſhall al 
deſerib'd in the time ö B. 
| the Points C and c be infinitely near; ſo that- 
Area BbCc be an infinitely ſmall part of 
| the Area ADE, alſo the Line Bb ſhall be infi- 
ly ſmall part of the Line AD. Or if Bb 
Ce de as the Fluxion of the Area ADE; that 
is of the ſpace deſcrib d; alſo Bh ſhall be as the 
Flnrion of AD, that i is of the time of Deſcrip- 5 


* ; 2 « & = 
8 ” * — * * - 


„ SCWO Et 
The Area ADE is here expreſſed as a Curvi- = 
Une „and tis more g. 
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From the Points G and B, draw the Ordi- 
- pates GK and BD, and ſoppols the Chords AG 
and AB. to move into AH and AC, in the 
fame particle of Time 3 and from the Points 
Hand g, drayy the Ordinates LH and EC. 
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Upon the Center A with the Radii AG, AB, 
deſcribe the ſinall Arches Gr, Ba. Then will 
the Liwole Hr, Ca, be the Incrementy (of the 
Chords AG and AB) generated in the fame 
particle of Time; to which Lineols, the Eluri- 
ons of thoſe Chor 
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| After the ſame manner, if AK=v. 1 920 
ſhall the Lintola Hr be expounded by £ Fo Ln | 
Now from the Principles of ar at af "= 
Times of deſcribing the Lineolæ, Ca, Hr;ſhal 
be as thoſe Lineolæ, directiy, and the Velocities, 
with which they are deſcrib'd; reciprocaly. 
But the Velocities with which Ca and Hr-are 
deſcrib'd are the Velocities acquir 'd by the de- 

| ſcent thro the Lines Aa and Ar; for! ſince the 
points 7 and a, are (by ſuppoſition) infinitely 

| near to H and C; tho' the Motion be real . 
accelerate, yet the change of the Velocity i in 
theſe infigitely: ſmall diſtances, is in a Phyſical _ 
Matter, to be neglected. So that theſe Velo- 
cities, are thoſe that are gotten by the Deſcents 

| thro' Aa and Ar; that is, thoſe; gotten by the = 
Deſcents through ke and Ao ; for if ac andro 
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3. If ABTAC: W Im, nas 
ab - id, und fo theTiigs of „„ 


| ſcribing thoſe Lines AB, AC, are equal. Now 


this Property agrees to a Circle (ex. gr. whoſe = 
Diameter lies in AD, and whoſe Periphery paſ- 
ſes through the Points, A, ö, c, or A, B, C) that 


the Subtenſes, AB, AC, are directly in the 
Subduplicate Ratio of the Abſciſſes AG, AD; 


therefore the Times of deſcent through the © 


Chords of a Circle, are . as was ON, 
3 before. 

4. If /. „/A: cb BG, then the 
Times are as AB * CD: AC «BG. Now thisis | 
the Pr operty of a Parabola (whoſe Vertex 
ex. gr. is A, its Axe AD, and Ordinates BG, 
CD) as is very well known. Therefore the 
Times of deſcent through the Parabolick Sub- 


3 tenſes, are as thoſe Subtenſes, direth, and the 


N correſpondent Ocdinates, reciprocally ; as Tori. 


3 cellivs has demonſtrated, Prop, 5 Lab. 1. De | 


\ 1 Motu Gravium Deſcendentium. 
- Thhall only ſay farther, that as chat are 
the principal Theorems of that noble Author 


(Galileus I mean) his excellent third Mechanick | 


Dia llogue; 3 ſo I believe there are very few. Gif 


any of them at all) which may not be thus 


inveſtigated : Which therefore I ſhallnow leave 
to the young Geometer s own. N En. 
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q m. the other W 5 WH an accelerated one E 


any Curve) to be eee and c con- 
ely that in the direction of the Ordinate 
ig be uniform; then as the Quantity that ex- 
pounds the Fluxion of the Abſciſſe, is to the 
unds the Fluxion of the Or- 
locity of the acccelerate 
n of the Abſciſſe, to the 
m in the Direction of 
iculac Point in the 
 bkewiſe, as the Quantity that 
hat. expounds the Fluxion of the Curve Line 
tothe Quantity that expounds the Fluxion 
of the Ordinate or Abſciſſe, ſo the Velocity of 


Motion in any Point, to the Ve- 
pi . locity 


ition pod Law of which Accel: ration 
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r of the compounding Motions; 8, 


bocity 


in the direction F the N or Abſcſl. 5 
But Wy Property of | — 
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Ordinate, for the ſame point, as the ſormer of. - © 3 


theſe Expreſſions to the lattter ; for V EY = 


Vit as the Fluxion of the Curve, to the Fluri. 
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=_ ſe noble Theorems - that 
_— determine the proportions of the Velocities, in 
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: I 8 Motions of Projects (or Bodi 


| Wi _ otherwiſe deſcribing Curve Lines) may without Ml 
much difficulty be diſcover'd. For an Example 

_ of which, we will take that moſt univer E 
f Galileus, which Torricellius + 


 Ingenious Problem 0 
ſolves Prop. 17. Lib. 1. about finding a Point 
above the Vertex of a Parabola given; from . 
5 an heavy Body falls, and be after- 
wWwards impelld Horizontally with a Velocity 
- - "equal to > that ry oe ow the deſcent, it ſhall 
. vn 0 3. rl IG. Xx. 
3 Parabola BDE being given; oe | 
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5 Dion, or vertical Tangent BE 
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rom that Point to the 


Now in order to this; let i it be 
der'd firſt of all, that as a Parabola is deferib'd 
by the Compoſiti tion of two Motions, - an 
equable and an uniformly accelerated one; ſo . 
according to the different force or greatneſs of 
that equable Motion, a Parabola of different 
| hang and parameter is deſcrib'd. Now the 
| Body in the accelerate Motion of perpendicular 
Deſcent, acquiring continually greater degrees 
Velocity pit being ſuppos d at perſect reſt in 


the Vertex of the raten in ſome Point 
3 
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* of Velocity, as is equal to that Veloci- 


Y ae rom the Vertex, as this point is below 

3 3 . it z the Body by falling from that point above, 

ET N * to the Vertex of the Parabola, ſhall acquire 

== 8 a degree of Velocity as is equal to that 

1 3 bol the uniform Motion. Now tis this parti- 

2 cular length or diftance, that we propoſe here Wl 

= to n 

3 Suppoſe A to be a point Skew: at liberty ; in 

= che Axis, and AD drawn to touch the Curve in 
D; from whence the Ordinate DC. Put DC 
y. BC x. AC (the ſubtangent) t. There- 
fore AB=t—x. Parameter of the Axe=p. 
From the nature of the Parabola, p * 
whence pz = 275 and conſequently : : Ea 55.20: 

P. That is (hy what was ſnewn in the ding 
Problem) the Velocity of the Accelerate Motion 
uche direction of the Axe, at the Point C, is to the 

Velocity of the equable Motion, in the direction 

the Ordinate, as 25: p. Therefore when theſe Ve. 

cities are equal; thatis,when z , then 2y=p 
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dr Horizontal Motior will be in the Suhdupli. 
_. Ratio of the Parameters, directly. 

. „ And they would be in the ſame proportion, 
: he Vertices of two Parabollas, NO, NBP 
22) and f 


the Points from whence the Body fall, were L 
o 3 
WMV. B. Thoſe that have 2 mind to try more o 
: Tricia s, or any other ſuch Props, by the 
Method of Fluxions, will find by a juſt and 
' genuine Application, the Analyſis of them 
Bat difficult. „„ „ 
PRO B. VIII. FIG. XXIII. 
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Let ABD be a right Line perpendicular to 
e of the Horizon; and the Curve BMH 
urve required, whoſs Axe BD is in the 
ſame ſtrait Line with AB. The Body now is 
ſuppos'd to fall from A to B, and from thence _ 
to commence a Motion in the Curve BMH; 
in which Curve it muſt ſtill move with the - 
8 ** the deſcent from A to B. 5 
Rm=j E 5 the Wan B, the Fluxion of the 


es, as is very evident; 
fore there the Fluxion 


univerſally expreſs d, is ve x 
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as at M, er. gr, the 
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Velocities reciprocally, 
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| 6, 92 * ee is 2 a, or N 
; that AB is g of the Parameter. O. E. 1. * 
N. B. From the Hypotheſis, the Quantities 
| x and y do vaniſh both together; W. 9 
fore there can be no ſtanding Quantity to be 
brought i in here, to compleat the Expreſhon of 


F the Fluent ; ſo that the Fluents of , andes 
| , „ are only thoſe Expreſſions that are aſſign d. 


ee 


* the ReSification of the Vochrona! 
| Curve. This Curve is found to be a ſemicubical 
| Paraboloid, and tis true, that from other 
Principles we know, that Curve is capable ofa. 
perfect Rectification. But then in that caſe 
tis rectified as aſemicubical Paraboloid, and here 
I ſpeak of the Rectification of it, as the I- 
chronal Curve; or as a conſequence of this ſup- 
Poſition, that equal ſpaces of deſcent, are 
made in equal times; which way of proceed- 
ing is vaſtly different from the other, upon all 


a accounts. Now, T . this follows ; for ſince | 5 


| by the Hypotheſis, 5, = =. Log +» * 
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will o alſo, that is the Curve Line and the Ab- 


iſe vaniſh together. 


Which I note, to pre- 


vent a wrong Concluſion, that might poſſibly 
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pitude, when the Abſciſſe was made to vanimn. 
Gt I ſay, the Quantity a involves. * in the 
Expreſſion of ĩt, from the Nature of the Curve; 


and therefore x being in every IT ermof eee = 
fic on that gives the length of the Curve Line when 5 
; xvaniſhes, that whole eee aniſhe es alf 

The Times 10 ſpent in „ any. W | 
of the Curve, 28 Be M, Be H H; are as. 
the correſpc pon. dent Abſciſſes BP, BD, directly. 
Fe or in what times thoſe Portions of the Curve 
aredeſcrib'd inthe ſame times the reſpective Abs 
feiſſes aredeſcrib'd by the Motion of the perpens- | 
dicular deſcent. But this deſcenſive Motion is 
an equable one, and conſequently BP and BD 
re as the Times in which they are de- 
ſcrib'd; and therefore as the times of deſcri- 
bing the Portions Be M, BeH. This follows 


allo immediately from the Calculus. For the 


Fine might hab 20 3 d of * me Mag: 5 5 : Exh . 


otime of deſeribing the particle M n, is TH * * 3 — : 
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Tfochronal Curves, BL „Bb, Rc. . 
wn through the Point B; which are all of * 
Semicubical boloids, and, conſequent: 
I: all of them Curves of the ſams Species, and 
differing only: + in the Magnitude of their Pa- 
_ rFaneters. - conſequently, that a Body at 
B, with the Velocity, acquir'd by the deſcent 
n the Horizontal Line A cd, may deſcend 


; h any one of ite number | 
' Ffochronal Curves. Neither is it any . 
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lich of hs 1 be Ard 1 upon, fince 


plac d ſo, that cf, or dg, the diſtance of the 
| Vertex of the Curve, from the Horizontal L 


Bb. Farther; tis all one, whether the has, 


by the wayc f B, or by any other way, as 46% B. 


by the deſcent through AB; if it comes by the 


comes with no more Velocity than that acquir 


by the deſcent thro c f, and in the latter with no 


more than that acquir'd by the deſcent through 
dg And fo the Velocities with which the fame 


Curve will be deſcrib'd, will be different, ac- 
cording to the different Paths the Body takes to 


come at it. But notwithſtanding in either caſe, 


Ascteleration, for that properly reſults immedi- 
ately from the nature of theſe Curves, and 
ou take place, whatever Collateral Circum- 
ſtances of the Motion, fall in to be conſider d. 
- a be the fame Wark: if we e ſhould Tipe, 
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| ther of them all will ſerve, provided it | de 


bes of the Parameter ot the Curve / BE, * 


vy Body (which 3 is to deſcend Jfachronicaly, 
e gr. in A B&) comes to the Point B. | 


or AB ; ſince in either caſe, it will deſcribe the 
Carve with a certain determinate degree of Velo- 
city, and ſo ſhall deſcend equably thereupon, ; 
Tis true, if the Body be to move in the Curve 
Bk, and comes to B by the way AB, then it 
comes with a Velocity equal to that acquir d 


way < FB, or dgB, then in "the: former caſe it ? 


the Body will deſcend equably and without any N 


* * * 


„ bete ce Bolly at B, not to Hare ahh P any 
Velocity, by falling from any heighth ; but to 
be ſome way or other impreſs d by ſome force, 
which ſhould amount to as mu h, as ſuch a 
=: 2 Cele ity impreſſed inſucha Direction. 5 
Pio in this e alſo, it would be true, that 
= the Body might deſcend through any one of all 
#3 5 _ Thchronal Curves. Thus, if the Line | 
1 Br were a Tangent to the Cutve 7 k at the 
1 +, Point B, and the Body were to move in that 
13 Curve; . en if it be impreſs d with a an Impe- 
tus at the Point B, equivalent to what is got- 
ten by the deſcent through cf. and in the dire 
ion of that Tangent; it ſhall deſcribe the 
Paraboloid B E, all one, as it would have done 
E > if it had mov 4 to the Point B through the 
1 Path cfB. Or if in that ſame Direction of the 
LE ©” Tangent, it were impreſſed with an Impetus, 
3 5 2 AY equivalent to that gotten by the deſcent through 
A, it ſhall deſcribethe Curvein the ſame man- 
me, a if it had fallen from Acd * the Line 
2 * EL 
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of all the Ifochronal Curves, interefing 
each other in the Point B, that Curve gives the 
Body the ſwiftef deſcent, "wholo Vertex is that 
Point B, and conſequently Ah its Vertical 
1 Tangent; z that is, the Curve BMH is here 
; YH . the * of l ( Wy ) . thi ; 
V = 1 


* . 
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F Body to deforibe ken Cue / e 
beginning at the Points c and d; or br Þ 
the parts of them; viz. Bk, Bb, beginning 

motion at the Point 4 


1. If the Body falls dom A. it deſeribesthe þ 


E Curve BMH with a Velocity acquired by th. 
deſcent through AB. If it falls from c, it 
deſcribes the Curve f B E with the Velocity ac- 


uir'd by the deſcent through cf. But AB>eFf1 


. and therefore the Velocity in the Curve BMH, 
is greater than the Velocity in the Curve FBE 3 
and therefore the time of deſcending: any gi- 
| ven Space, is leſs in that Curve, than in the 
oth er; and therefore the Body moves ſiifter 
in that Curve than in the other. After the 
ſame manner we may provethe Body to move 
| Fwifter in that Curve BMH, than in any other 
whatſoever, whoſe Vertex is in a Line (paral. 
lel to AB) drawn to any Point between 4 and 
e and much more, that tis ſwifter, than i in 
any other Curve as g BB, whole Vertex i 18 in 4 ; 
Line beyond the Pointe. 
2. Suppoſe the Body weie to fall c A. 


| and ſo to deſcribe each of the Curves, B 5. How: 


Bk, BM, ſucceſſively. Let the Lines Br, Br 


touch the Curves FB E, gBb, at the Point E, 2 


and Ar, As Perpendiculars to thoſe Tangents, 
| Now the Body deſcending in the Direction AB, 
ore a greater ſtroke upon we cu” 5 Bb, than | 


upon 
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Parameters, reciprocally. For the Space. 
2 the * ha eſis being oquel, and the Motions 8 


the hall eee ally as the —— 
ties. But the Velocities with which the Body 
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i the Lines Bb, gv, are deſcrib'd in equal 
| His, they are directly in ihe ſubduplieste 
Ratio of the Paramiters of thoſe Curves 
"which the Body has thus deſcended. For the De- 
ſcent being uniform, and times equal (by the Hy- 


. * 
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the Velgeities; that is; directly in the ſabdu- 

plicate Ratio of AB; cu, as, which are as as thi 

Parameters reſpektivel r, 
Hence the flowing Prchlem is aſily G's: 
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4 BMI. and at any inſtant of Time, 
© its: place in that Curve being ffi gud 2 
111 reguir d to find at what Point in 
'- unother Tſochronal Curoe. as gBh A 
N (deſcribing the ſame.) ſha be at 
the ſame Moment; | 


i the dikancas of thie Potits, B. 87 from 
the Horizontal Line A d, are ſuppos d to be gi- 
ven; and coriſequentiy the Parameters of thoſs 
Curves to be known: The Bodies alſo are ſup · 
pos d t& fall from the 9 Line A dz 


hBotheſis) the ſpaces deſcrib d ſhall be directly as 
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Law of the Deſcent of heavy. 
adies. ſhould ſet out to 


= 2 2 


Points & and d, the Body at 4 will reach the Il, 


Point z much ſooner, than the Body at 4 will 

arrive at the Point B, and the former time wil! 

to the latter, as vag: AB, or in the ſub. 
Ratio of | . | 


f 


\ N 


"0, it it ſhall cut the Curve in the E 


int ſought ; that is, the one Body ſhall be 
F 1 
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e Bodies arrive atthe . B oy 4 in 
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the Motions. of Equable deſcent in the fams 3 
Moment of Time; each in its reſpective Curve. 
No then in the ſame time that the Body 4 
has deſcended the length BP in the 2 5 ; 
B, the Body Jin the Curve #Bb ſhallhave 
deſcended a length which ſhall be to BP, as the 
Velocity in the Curve gBb, to the Velocity in 
be Carve BMH ; for theſe Motions of deſcent 
are uniform: But the Velocities in theſe Ciirves 
(by the foregoing Coroll. are directly in the Sub- 
duplicate Ratio of the Parameters, that is, as dg 
to „AB. Therefore when the deſcent BP is made 
| in the Curve BMH, thedeſcent EV = = > : 
dull be made in the Curve gBb. Q E. D. 


CASE. 1 


Let the Bodies ſet out from the Prints A nd d, 
"of the awe inlc of Tine. VER. > 
Then tis plain that the Body which falls oi 
from d will: arrive at g tlie Faure of the Curve 
g Bb, before the Body from 4 will reach B the 
Vertex of the Curve BMH:- Conſequently the 
Body from d, will have begun the equable 
Motion of deſcent, 1 in the Curve g Bh. while 
the Body. from A is yet moving accelerately 
in the Line AB. Now the Body that fell from 
4, being in any Moment of time ſuppos'd to 
de (as before) in the point M of the Curve 
| 912 . RH 


HR 3 5 ALES 
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"2 | Balye dhe fell Ne 1 FIN be at ths . 
inſtar, is thus derermin d. F rom the Point 


8. ee off en dg; and from 
5 BP dg” 


hs point 1 HA the « Ordinate 10. en 
the Curve in Z, which is the Point ſought 
The Demonſtration of which is as follows; 
and as I have (for the more eafie apprehenſi on 
of the Matter) divided the conſtruction in twa 
parts, ſo for the ſame Reaſon, 1 ſhall likewiſe 
do the Demonſtration. © 

Firſt, therefore, I ſay „that when the Body. 
"fda A has deſcended he length AB, the Bo- 
dy from d has deſcended the length 4 K, ords 
Tak. which Line g K is of that value that 
was aſſign d above. 
For ſince (by the Hypotheſis) the Bodies ſet 
out from the Points 4and d at the ſame in. 
tant; therefore at what the Body d is g. 
the Body Aſhall being ; the Line g being 
parallel t to Ad, and ſo Ag=dg. So that it re- 
mains to be demonſtrated, that what time the 
Body A ſpends in deſcending the length qBby 
the l accelerate Motion, the ſame 
time does the Body d ſpend in deſcending the 
length g K. by the e Motion, with the Velo- 
_ city. acquir'd by the deſcent thro' dg... Now in 
order Jo lis l let us ner * the nm 


HA 
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5 Sad: deſcend Pang the . Motion i in 3 
the Curve BMH, and with the Velocity ac- 1 2 
2 by the Deſcent thro AB, in the fame | ] 


time t it falls the ſpaceſg B by the uniformly ; 1 1 J 


_ accelerate Motioh. For when this is found, 


F er can, the ame time, 


7 aqui 'd by the decent thro? dg, in the ſame 


we may then find by proportion, what ſpace 
the Body d ſhall deſcend, by the equable Mo- 


tion in the Curve g B h, and with 8 Velocity 


time that the Body 4 falls the ſpacs 95 by the 
ee wha Motion. Now tis a known Theorem -* 
that in the ſame time the Body falls from 4to 
B, or deſcribes the Line AB — the uniforauly 

| accelerate Motion; it ſhall in an equable Motion „ 
_ witha Velocity equal to that gotten by the de. 
cent from 4 to B, deſcribe 2AB, So again, 
in what time the Body deſcribes the Line Ag 

by the uniformly accelerate Motion; „ 
lame time in an equable Motion with a Veloci- 
ty equal to that gotten by the deſcent thro Ag 

it ſhall deſcribe, 2Ag. And therefore in, an 
equable Motion, with a Velocity equal to that 

_ gotten by the deſcent thro' AB, it ſhall deſeribe 


Ag . 
that it deſcribes Aq by the uniformly ac- GE 
celerate Motion. For in thoſe two equa- 
ble Motions, the Spaces run in the ſame 
time, are as the Velocities, which Veloci- 
tes are thoſe acquir'd by the delten throu gh 

P F 5 "Oy: 


n 
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2 A nl AB, and are therefore ivy the — 
of the deſcent of Ty eras as EYE to | 


From hades 60 we come to this Concluſi 


on: Since in the fame time, that AB is deſeri- 


| bed by the uniformly accelerate Motion, the 
Space 2AB is deſerib d in the equable Deſcent 
(in the Curve RMH) with the Velocity equal 
to that gotten by the deſcent through AB. And 
alſo, ſince in the ſame time that Ag is deſcrib d 
by the uniformly accelerate Moticn, the ſpace 
6. 2/AB*Agis deſcrib d in the equable Deſcent (in 
12 the CurveBMH) with the Velocity equal to that 
| tten by thedeſcent thro AB, Therefore in the 
time that ABA , org Bi is deſcrib d by the 
N accelerate Motion ʒ the Space 2AB 2 
IA, ſhall be defcrib'd in the equable de- 
ſcent (in the Curve BMH) with the = Velc- 
city as before, viz. that which is acquir'd by 
the deſcent thro AB. For qB is the differente 
between AB and Ag, and the time of deſcribing EL 
qBis the difference of the times of deſcribing 
AB and Ag. And therefore whatever the Spa- 
Des be, that are deſcrib'd by the equable Moti. 
on, in the ſame times that AB and Ag are de- 
ſcribd by the uniformly Accelerate; the dif- 
erence of thoſe Spaces, is apparently the Space 
that is deſcrib d by the equable Motion, in the 
difference of the Tiimesthat AB and A ꝗ are de- 
bw by the Accelevats, 8 An 
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3 of the e De 10 the 
Curve BMH, is to the Velocity of the equable 
Deſcent in the Curve 9B, asV ABto ; 


and fince the ſpace 2AB—2v/AB* Ag, is de- 
fcrib'd, by the equable Deſcent in the Curve 
BMH (with 2 Velocity that is as /AB) in the 
ſame time that qB is deſcrib'd by the uniform- 


ly accelerate Motion. Therefore by proportion, 
AB: vb: 2AB—2VAB A. to a 4th; 
8 = 2 2 x df - 
which is IN AB _ . 
which is = 2 AB dg—24g bee iow 
Ag. And this therefore is theſſpace that the Body 
A will deſcribe by the equable deſcent in the 
Curve g Bh, W tie Kos that the Body 
A deſcribes the Line B, by the uniformly; ac- 
_ Celerate Motion. From hence then it appears, 
that when the Body A is juſt come to the Paint 
HS eee e eee 
the: Curve Di, the Body d, has already ad- 
vanc d ſo far in its equable Motion in the Curve 
455. as to have deſcrib'd the length 2 TAB. dg 
| —2dg, in the Aris below the Point g. | 
therefore, I ſay, that it we ſet off gK equal to 5 
this value, and draw K a On As 
Point, cutting the Curve in a; that the Body c 


— be in the Point a, at the ſame inſtant that 
T4 * 
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es Au in the Point B. Vhich va | 
firſt thing to be demonſtrated. 
The ſecond thing to be demonftated i is, that 
e, when the Body 4 
in che Curve BMH, has made the deſcent BP, 
that then the Body d in the Curve g Bh has made 
the gelen KY = , And this is 
done withqut the leaſt difficulty. Fer dhe Mo- 
tons of deſcent in theſe Curves being equable, 
the ſpaces run in the ſame time will be as the 


Velocities, that is as /AB to Ydg. 80 that 


when the Body 4 has deſcended the length 


Bp from B, Ln e Af in the Curve; 
8 at the ſame time the Body 4 ſhall have deſcend- 


ef the length B Waben m N. that is, draw- 
er Ft. gan be in the Point | 


IntheCurvegBb. Q. E. D. 


> Therefore ow to ſatisſie W of 
the Problem, as to this 2d (and more difficult) 


_ Caſe. "IF the Badies Land d ſet out from the | 
' Points A and 4 together ; and at any inftant 
f reckoning from that firſt Moment of their Mo- 


tion, the deſcent that 4 has made from the 
Horizontal Line be given, as, ex. gr. AB+BP. 


and conſequently its Place M, in the Curve 


BH then ſetting off from d in the Hori. 


5 zontl Line, the length ar Sr 


8 ; 


1 vo ſhall a * Carve i in 2 the Point 
gerd. O. FE. L. 


CASE. I. 


55 11 che t two Bodies neither came to the Pati 
| B and g, at the ſame inſtant, as in CASE I. 
nor parted from the Points 4 and d. at the 
ſame inſtant as in CASE II. but from any 
other Points given, in the Lines AB, dT; by 
the former ways of reaſoning may compute | 
in what Points of their reſpective Curves 


-ſhall be found in the ſame infant: And e 
ſequently we may determine all the Diſtances 
and Poſitions of Bodies deſcribing any of theſe 
Paraboloids, with reſpect to one another. i 


'PROB. XI. FIG. V. 


8 it 'be 8 to find the cane 
of ſwifteſt Deſcent; or the naturs 
of a Curve, in which 4 heavy Body 
er by the force i 1925 own Gra- 
vity, ſhall move from one given Point 

#0 another Point (given alſo )-in the 
EO. Thi, or in leſs Tine 2 


— 


Suppoſe AB and BC to be two Infinitely lit 
tle Subtenſes of the Curve Line required; which 
Curve is to be conceived to begin at the Point 
A (ex. gr.) ſomewhere in the Horizontal Line 
EB, DC, perpendicular to MH, 
and AG, OL parallel to MH (and conſequent- 
ty at Right 
| Point B be ſuch, that the Parallel QBL carri. 
through it, may biſe& 'Poi 
that is, may make the Lineole GL, CL, e- 
No the Curve ABC is ſuppos d to be 
_ of ficha nature, that a y movingthere+ 
in, and arrivedinits Deſcent (from the Horizon. 
Eine MH ) at any Point, as A, ſhall paſs from 
that Point 4 to any other Point, as C, in the 
3 or Time poſuble. So that the Points 
4 and C being given or determin'd, the Point 


is ta be found) and fo the Nature and Pro- 
y 


es to EB, DC) and let che 
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e zurve, to which tis conditin. 
agrees z the two Subtenſes AB and BC are in 
ſuch a manner inclin d to one onother, 4 | 
the Time of deſcent Wy them is the leaſt E's 
poſſible. 1 OOO 5 
\ Tis true, one Nit of whats here ſuppos'd. 
may be ſuppos'd of any other kind of Curve 
viz. that the Point B may be ſuch that the pa- 
rallel BL carried through it, may biſe& GC. 
But then, that together with this Suppoſition, 
| 5 Point B is ſuch, as that the Subtenſes BA, 
BC (drawn from thence to two given Points 
as A and C) are in ſuch a manner inclined to : 
each other, that the time of deſcent 0 
thoſe Subtenſes is of all the leaft pofible ;, this = 
is the reſult of a peculiar ſort of Curvature, 
and into the nature of the Curve which a 
thus bent, we are now to enquire farthe. 
The Points 4 and C being determin d, th 
Lineolæ QL or AG, will be conflart. Alb 
the Lineola AQ =BF=GL=CL, is confant 3 


and ſo is the Line CD, intercepted between 


the given Point C and the Horizontal Line 
MEL Again, becauſe the Point B is ſupposd 
to be ſuch, that the pirallel QL carried thro? 
it, biſects GC in L, and there is but one Point 
alone, that can anſwer that demand; there. 

fore the Line EB intercepted between the Ho 
rizontal Line and that ory. Point, muſt be re. 
0 1 by a — Quantity. Laſtly, be. 


_ cauſe 


— 


2 » * * 5 
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"Vaſe the Lites FB, IC, being equal, the Line 
AF, BL, will be unequal, and conſequently 
AB, BCunequal too; therefore AF. BL, AB, BC, 


muſt be repreſented by indeterminate or variable 


Quantities. Theſe neceſſary things premis'd, 


| Jet EB=a. DC=b. LF=LC=e. AF=f. Bl. 
* Therefore AG =f +6. AB = Te. Tes. 


0 \ 
7 o 1 
Ped 
4 


1 


1 when the heavy Body is in 
B, its eee de is the ſame as that acquir'd by 

erpendicular Deſcent thro EB; and ſo 
pooh min C, tis the ſame as that acquir'd by 
the Deſcent through DC. But theſe Velocitia 
-@y the " 4 Law) are in the Subduplicate 
Ratio of thoſe perpendicular Deſcents, that is 
 aA8VEB; C, or as va: / b. Allo the Lineolæ 
AB, BC, being infinitely ſmall, the Velocity 
throughout the whole Lineola AB may be ta- 
ken for va, and that throughout the whole 
Lineola CD may be taken for /b. Therefore 
- the Times of the heavy Bodies Deſcent thro' 
the Lineolz AB and BC (which Times are as 
the Spaces directly, and the Velocities recipro. 


ally) will be expreſe'd by 22 5 and 
= Now the Sam of theſs Times (b 


ff Tee 
| Ge Hypatſs) n a thats 14. 


* 
* 544 
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are the Incrementa of the Aſciſſes, BF and CL ' 
the Carviline Segments) it follows, that the 
this, that the Fluxions of the Curve, are in the , 


ons of the Abſciſſes, and the reciprocal Subdu 


. bh 2 o, from 
Fre. | Eben vs e 


=o, and of =I, and conſequently di- 
viding both ſides by _ f or —b ,; and. redu- 


is — — made out. 


the Flaxion my the Expreſſion e to no- 
thing ; that 1 is, (according to the FI ; 


1 —5 . 3 

whence But 
? M 82 | 

AG or f-|-b is conflant.; therefore f Xh . 


x : : , # . f - 
— DD — N 


eing, we come to this proportion „ vis 


N „fes: th vat fowh, that is, .. 
BC: AB:: BL «x VEB: AF « MDC. So that 
making ME, and MD (in the Horizontal = 
Line) Ahſciſſes, and EB, CD their correſpon- 
dent Wal (in which caſe alſo, AF, BL 


FI 


thoſe of the Ordinates, and. AB, BC, thoſe of 


property of the Curve of ſwifteſt: Deſcent is 
Ratio compounded of the dire& of the Fluxi- 


plicate Ratio of the Ordinates; and therefore 
that Curve to which this Pr 


agrees, 
muſt be the Curve of ſwifteſt Deſcent. Now 
that this Property agrees to the common Schi, : 


Aan 
Deſcent) to be 
Cycloid, whoſe Baſis is the Line 


equently its Vertex I; then 
ppoſing all as | before, I fay, that this Curve 
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1 he generating emicircle,whoſe 
—_ > which is alſo the Aris of the 


3 1550 let AG, BL, be l to 
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= Fi F2 
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Points O and * 


3 2 * 


Kr Curve BCI=». BN = E. AN; 
Ns. N EB (HN) =d—x,. and 
(=MH—BN) - =p—s, by the Symbols. 
rom the Generation of the Cycloid, a=p 
2 =. 3 15 that is the Baſe of the Cycloid 
the 2 ery, and any Ordinate 
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2255 and ſo x1 — 


| and 4 xn(men N 
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nate” and Arch, ; Therefore « * 5 
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„ 
— * the han of the Abſciſſe EM and its 
Denominator the Squa! Root of the Ordinate ER, 
And this is evidently ſo. For. the 
of the Abſciſſe ME = — ; 


„* u _ Xx ily ” 


— — en 
1 


f the Ordinate. is _—_ 


Xx — 1 
vddx— ada f 
And this Expreſſion is to 


 theFluxion of the Curve 


F 


* : ph 2 8 4 ant Ratio of 1 I to 4. Therefore th the The 
"em is ceftain. © And from hence, laſtly, we 
may conclude; that the 0 of Le 1 
8 . a . 2 E. I. 5 
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| nt a * of 7 TR fell upon a Fan 10 
cC̃onſtituted, that the Rarities of the Medium, 
n taken at any depths, were continually in the 
| Subduplicate Ratio of thoſe Nepths ; the Ray 
mts Paſſage through ſuch a Medium, would 
be bent into the Curve of Cycloid; and conſe- 
quently the Curve of Refraion thus form'd, is 
te ſame wich the Cirbe of ſwifteſt Deſcent. The 
reaſon of which, in a few words, is this. That 
the Ray or Particle of Light in the one Caſe, 
obſerves in its motion (according to this Hypo- 
_ theſis) exactly the ſame Law); that a heavy 
Body defcending by its Gravity. does in the 
other ; and therefore the Track of the Motion, 
or the Curve deſcribd, muſt neceſſarily be the” 
ſame in both caſes: Now that the very ſame 
Law is obſerved by the Particle of Light, and. 
the heavy Body. is thus made out. br the De- 
feat of th the beavy Body, the Velocities are in the 


Subduplicate Ratio of the perpendicular De. 
ente or Depths below the Horizontal Line: 
And in the Motion of the Particle of Light, 

; the Raritiet of the Medium are (by the 1580 


* 


; © in the r Ratio of the 190 Ns FO 5 5 : "I | 
or perpendicular Deſcents. But the Velocities” ES 


- 


of the Light, are ever proportional to the 
Rarities of the Mediums it paſſes thro” ; and 
: conſequently the Velocities of the Light will 
be in the Subduplicate Ratio of the perpendi- | 
cular Deſcents. So that ſince the Velocity 
of the Light is continually arigmented by the 
encreaſing Rarity of the As, in the ſame 
; proportions, that the Velocity of the heavy 
Body is augmented in, by its Gravity, tis plain 


matter) might be ſhewn by a direct Calculus, 


but I muſt forbear that now, and content my 


ſiolf with a verbal Demonſtration. III 9 note 
with reſpect to the foregoing Proceſs. 


1. The _Reflification of the W Line is 


E | - 


For the Fluxion of that Curve, we „e 


PSY found, to be? = d ; and" thine 


fore the flowing Quantity 1 = the length s 


of the Curve Line it ſelf. That is, 24 


 v=Curve Line BCi. But from the Nature of 


the Circle, the SubtenſeIK i is 4 x? orv dx. 
Therefdre the Segments Curve of the Cycloid, | 


ire og the Correſpondent Subtenſes in the 
Circle. 2 the Semiticltid it 


9 . 8 * * 4 
f ; 


that the Curve deſcrib'd iseither way the ſame. 
Al this (with ſome other things relating to this 
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Fl, when e the foregoing Sainte is 


Way is + double the Diameter, which is the Si. 
tenſe of 180 gr 
2. And Ben * it follows, that the Now 
ments of the Cycloidick Linetaken towards the 
Baſe (as ex. gr. the Segment MRB) are equal 
to the double differences between the Diameter 
and the Circular Subtenfes, belonging to the o- 
other Segments towards the Vertex, _ 

Thns is Curve MRB = 2HI — 2IK. © 
Carve MBI = 2HI, and Curve BCT = 2K; 
therefore, ©; Sn 

Hence tis no difficult Matter 0 cut the Carve 
of the Semicloid, in any given Ratio. Ex. gr. 


it the Curve were to be divided in B; fo that 


the Segments ICB, BRM ſhould be s each o- 
ther in the Ratio of n to n; let the ee 
ne in the Point þ ; 6 that IB: 5H: 

n. then ſet off IK Ib, at thro K draw ” 
Ordinate NKB cutting the Cycloid in B: 1 
25 that B is the Point that divides the Curve 
in tlie given. Ratio. Algebraicaly, the Abſciſſe 
N or * may be thus found. Curve ICB= 
2 Vd x. urs IBM 2d. Therefore Curve 
 BRM=2 4-2 d. Now tis requird that 
Wax: 24—2vds:: m: N, 8 


erlart vin or 2 GEN and ds 


- wmdd_ nnd 
u en | whence x = 


3. f 


ay deduc d. 
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3. ir che 0 of the c 5 1 
I 3 (taken from the Vertex, as ICB) were 75 


extended into right Lines. e ordinately ap* 
plied to the Axis IH, the Curve ariſing from 
\ thence would be an Apollonia Parabola , © 
the Parameter (ad Axem) of which would be 15 
Quadruple the Diameter of the generating 
Qircle. This is plain; for the Expreſſion of 
any ſuch Segment of the Curve Line, is = 
2d x as has been found. So that we have 
this Equation 2y/dx=v, or 4dx=vv; which 
expreſſes the Nature of a Parabola, in which 
the Abſciſſe is x, the Parameter 4d, and the 
Ordinate v (a Segment of the Ocloidick Curve 
extended into a Ri ight Line.) 
And from hence tis manifeſt, that the re- 
maining Segments of the Cycloidick Line, as 
BRM, that is the Complements of the Seg. 
ments ICB, to the whole Curve IBM ; that 
theſe, I ſay, will in ſuch a Parabola be the 
' Complements of the Parabolick Ordinates, 9920 
to that Baſe; or (in Dr. Vallis s Stile) e 
of en leſs: a Series of Sabel 


To fond the Faci of Optic Ole, + 
verſally. 


Qs. wal 


I ſhall propoſe here, is very 
inent to the Subject we are treating of, as 
= the pure Reſult of an Operation in 
Fluxions. And I believe one Erample or to 
| - of it will be ſufficient to ſhew, that it may 
with eaſe be accommodated to Glaſſes of all 
igures receivi ys in any kind what- 
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LEMMA. 


The ultiats Ratio, f pu Increment = 


| of the Incident Ray, to the Decre- 


Sine of the Angle of Incidence,” "to 


5 the Sine of the Ref altea Angle. 3 


5 Suppols the Ray AB. Hillibe from the 108 5 
ating Point 4 upon the refracting Curve Sur - 

face IBE, at the Point B. where tis refractet 
into BC, meeting with the Axis Al in the Point 


* Jar AE be another Ray, falling upon the 
Glaſs at the Point E, which is ſuppos'd infinite- 


ly near to B; i 1s refracted into EC. Let 7 


8 IBN touch the Curve at the Point B, and Bs be 


drawn at Right Angles thereto, and conſequent- IN: 


ly to the Carve at that Point B. _ Laſtly, on 
the Centers 4 and C with the Radii AE, 9 — 1 


deſcribe the little Arches EF, EG, cutting 8 
incident and refracted Rays AB and BC, in the 


Points F and G. 
If on the Center 4 with che Radius AB we 


' deſcribe the little Arch BD cutting the Ray 
AE in D; tis plain that DE or BF is the Ir- 
crement of the Incident Ray AB. Alſo BG is 
the Decrement of the I: Ray BC. Let 


ment of the Refracted Ray, is always © 
accurately in the proportion of the _ 


ay, thatthe ultimate Ra 
tio of 
ſame with the Ratio of M b 0 - 4 


* 


© Draw Ee, Ep the net Sines 


e bs to ſhew now, that the 
> BG, will be 
x Points Band 


q 
hence the Triangle By q, 
* Henee then it fol 
as allo Bp: Bg:: 18: BS. 
3 2 Barn S 


. * 
% 1 <-> 


ther, then the Points e and p, /0 
' coincide with and in the Point B; therefore - 
then the Lineole Bo and By will be . JF 
Therefore theultimate Ratio of Be to Bp, ſhall bo 2 
that of Sto Sn; but S and 8m are the * 
Angle of Incidence and the refracted Angle, "5 
tothe ſame Radius BS; conſequently v8: Sn: _ 


* 


n: u; and therefore the ultimate Ratio of Be | 


to By, that is, of BF to BG, mall be that of 
m to u. 80 that the ultimate Ir 
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en Ratio of thoſs ek Jy is ' 
of the Fluxions of the Incident and po = 
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of a owing Quanti, 

that decreaſes, muſt have a Negative Sign, 
while the Fluxion of another flowing ( nantity = 
2 increaſes, has u poſitive Sign. Therefore - 
it follows, that the Fluxion of the Irm Ray 
with a poſitive Sign, is to the Fluxion of the 
1 Ray with a Negative Sign, as m 
"Theſe things premis d, we come now to de- 
TSS ones of the Focus C, from the 


Vertex of the Glaſs ou, the radiating Point be- 


_IH=x Therefore HC=f—. AH=4 Rap Al 
m the Rectangular Triangles AHB, CHB, we 


bare M Ad e and 8 


— 2 


f XX, And by the direct 


72 Er Faun the col 
> the Lemma foregoipe, it appears, that ; 2 — 
4 3 +dz +xx 


e 
: m:m, which goneral 


W. p * . + „ 


+9 


4 2 * 
332 
br „ 
1 by 
{x 
- 
** 


* 


7es, according to their Na 
E'were a Circle, whoſe Dia. - 
= | y rs — KX * 5 which 


meter = 2 OED 


value ſubſtituted in the Analogy inſtead of yy 
and — x o+x2 inſtead of e 3 and 27x— 


1 inftead of yy; we have then, = 


: 
* * * 


Terms, for an Equation, and divide by a 25 — 


then ">. on ba. 16. DDR II 


Varx+ dd+ 2dx FF.. 3 


E R 
Since the Focus we enquire after, is that - 7 
which is made by the Rays that fall near te 

| Vertex of the Glaſs ; let therefore the Quanti- "i 


ty x vaniſh, and then all the Terms multipl. 
ed into it, go out ofthe N ee Conſequently r 

Z mf — 1 
in that caſe, we have r bw 
tht is, LEE {my e this E. 


| quation,” md rdf rf Andr 3 therefore 
We e QE. L LE tl 

And from hence the Focus may be found 
for all Caſes of parallel and converging Rays 


falling on ſpherick Glaſſes ; and need a] wo 
TOY EE ay, 


ical and 
IBE be i. 
gin d to be an Elina, whoſe 
* its 1 ranſverſe Axis=6b. Then will 


_ bax— ax x Fe 


5 and conſequently * 7 =— 


7 


” 


Se b Th Win 


. 


me wem of y ; i in ty general Analogy, then we 


\ 


+bas 3 a xa 


ax - 4, Haf- xx 


0 


viding all by = 25, and making x vaniſh, and 
preſſions, we ſhall have 
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217 mn; whence 5 n af + 
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Us 9 4 


$ 3 an infinite Difts N 


| infinite, and bf= = =2 — 


Ellipſis (and twill be that Focus too which is the 
fartheſt from the Vertex I:) For let IV be the 


Vertex. Put IU=b. IQ=b. Therefore QV 
| =b—h. And the diſtance between the two 


b 


gry 


3 rameter) conſequently the Point C is the other 


j nick Sections. For no other Point but the my 
Focus, can give. this n Portion. 


4 


; "i _ cheradiating 0 


, b 
Ray AB to be parallel tothe Axis 8 en willd be 


| From hence it follows, that if the Ellipſis be 
ſuch, that the Tranſverſe Axis, is to the diſtance 
| of the Foci, as the Sine of the Angle of Incidence 
to the Sine of the Refracted Angle, that is, as m: 
nz that then the Point C will be the Focus of the 


Tranſverſe Axis, and © the Focus next tbe 


Foci, will be 5 — 2b. By the Hypotheſis, | 
yo; b— 2b:: m: u, whence 6: 25:: m: 1— 


Therefore 2555 = =, and e y ＋ 


Sab, or WE D that is, the — IC» x 


| 12 = the 4th part of the Figure (or of the f 
Rectangle under the Tranſverſe Axis and Pa. 


| Focus of the Ellipſis, as appears froin the Cos 


n 


Fe fame Calculns . hs Hy pert. 


ick Glaſſes too, only changing the Signs, ac- 
- _ - cording to the Nature of that Curve. 

T . o accommodate the General Analog org | 
found to the Diſcovery of the Foci in Catop- 
trieb ; we muſt conſider, that in that caſe, the 
Angle of Incidence is equal to the. An gle of 
Reflection. (or in other Words) that man 
>, Suppoſe now then (that we may the leſs per- 
pulwVkx the Figure with new Points and Lines) 
"Ba dat the ſame Point C, which has hitherto been 
me Foc by BefraBion, was now the Focus by 
1 ol "—_ E. fletion ; the Point of Incidence B alſo conti- 
, YH g 5 nuing ſtill the ſame: : Then "tis manifeſt that 
x is radiating Point 4 muſt in thiscaſe be ſome- 
= where on the other ſide of the Glaſs, as ex. gr. 
Mt the Point Q: So that the Angle of Incidence 
= QBs, may = the Angle of Reflection SBC. 
HII Then putting QI (the diſtance of the radia- 
ung Point from the Vertex of the Glaſs) = d 
bere QHwil=d— x, but all the other Ex- 
= prefſions will be juſt as before. Alſo ſince n 
—_ = So . os General Analogy comes into this Ge- 
—_  .- Wo, 5 2 
1 5 35 8 * —7 e = IF | Fr om hence now, | 
_ .: yy [ff —2jxtx x. 

= = Curve IBE be a Circle, inftead of) 5 
= s! its value ; by the ſame ſteps as 3. 


_ bove in the caſe of Refradtion, we ſhall _— 


* 


* 


meter Pp. then )) = pz, 2. „ 
0 . x nid 0 this n, ariſes, 
ATE —2 1 . 24 


. 


hence by Reduction we ind f= = : 


52 | Tf we imagine now that d\ were m. 
| finite, or that the Rays were p | 


| Axis of the Parabolick ; 
LD. Wa 
| 7 4 53 ſo chat then they are reflected i into 
that Point, which in the moſt ſtrict and ge- 
nuine Sence, is the Focus of the Parabola. If 
the Curve be an Elipfis, then uſing. the fame 
d as before, and inſtead of yy ſubſti · 
tuting its Value = OD „ 1 the general E- 
| quation; by a. like Series of Steps we ſhall x 
come to this Equation, 1 bad = 2 f- bf 
1 Ln Now if the | 
24d —ta © 4ad—a 
| Radiating Point © be ſuppos d to be one of os - 
Foci of the Ellipſis, then the Point C ſhall be 
| the other Focus, For IU being =b, and IQ=4, 


* 


hence 7 


e 50 ie tion Fa Diviſio on, a re· 
Terms) db — 44 = 


; then the Point C ſhall be the other Focus 
ih he Ellipfis. ] 


— 


1 this is ſo, For © being one 


Focus (by 8 Hypotheſis) then from the na - 
ture of the Ellipſis the Rectangle IQ=QU is = 
à th part of the Figure, or of the Rectangle 
under the Tranſverſe Axis and its Parameter. 
That is, in our Symbols, (fince IQ=4, IU 


b, and fo QU b—4) e e 
Therefore the Point C is the other Focus. 

This Calculus is in like manner eaſily ac- 

commodated to the Hyperbola, where twill 

be found alſo, that the Rayes iſſuing out of one 

do converge to the other. But theſe 

ute things here only mention d by the by, and 

: 5 of the eaſineſs and univerſality of 
the Method, grounded upon the noble Lemm / 


6 1 4 Foci of the. 


| bola, and falling on any Point of the Curve, 


; on which account it is, that the Quantity * 


| . duce the ſtrongeſt and moſt ſenſible Efes 
| and are conſequently moſt to be regarded. Tis 
| fo, whether we reſpect the Intentions of Sight, 
or of Burning. And the Foci of. theſe Rays, 


we are to bring in all the Terms that have the 
Quantity æ multiplied into them; *twill be ens 
ſie to 3.508 how much more tedious and per- 


4 l Sections, Are univerſal, and agree to DEN 
| Rays falling upon any Points in thoſe Curves, -. 
| as well as Rays that fall near the Axis. Ex. gr. 
a Ray paſſing out of one Focus of an Hyper. 


| will converge to the other Focus, or to the Fo- 5 
| cus of the other oppaſite Eyerbola, as is demon- 

| ftrable from the nature of that Curve; and ſa 
7 of the reſt of the Conick Sections. Wee 
| the Calculus reaches only the determination of 
| the Foci, for Rays that fall near the Aris; u- 


* denoting the Aſciſſe of the Curve, is made to 
E vaniſh. And moſt certain it is, that the Rays 
that fall near the Axis, are thoſe that pro- 


and of theſe only, are (as we ſee) eaſily at- 
tained by the Calculus. But if we ſhould en= 

| deavour to find the Foci of Ra) ys, that are at 
any finite diſtance from the Axis, in which caſe 
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